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Rigid cocycles and singular moduli for real quadratic fields

J. B. Vonk

These are some exercises to accompany the course on rigid cocycles and singu-
lar moduli of real quadratic fields, held at the PCMI Summer School 2022. The
teaching assistant is James Rickards (james.rickards@colorado.edu).

(1) (Only for those who enjoy it) Celebrate this year’s PCMI summer school
theme “number theory informed by computation” by recreating some ob-
servations described in Zagier’s 1983 letter to Gross:

o Compute the factorisation of the integer
j (1 + \/—43) L (1 + \/—163)
2 2 '

o Compute the factorisations of the positive integers of the form
43-163 —x*

4
o Compute the Legendre symbols

)= ()

q q

of the primes q that occur, and formulate your own conjecture. Fi-
nally, compare your conclusions to those of Gross—Zagier [10].

forxeZ.

(2) Prove that the set of reduced forms of a fixed discriminant D # 0 is finite.
Let F = (a, b, ¢) be of non-square discriminant D. Show that
o If F is definite, then F is reduced if and only if

r(F) e D,

where D is the standard fundamental domain for the action of SL;(Z)
in the Poincaré upper half plane ), :={z € C:Im(z) > 0}.

o If Fis indefinite, then F is reduced if and only if VD — 2\(1\‘ <b<D.
Show that this is furthermore equivalent to the following condition
on the roots:

T(Fr(F) <0 and [(F)| <1< r'(F).
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(3) Compute the set I of nearly reduced forms in the SL;,(Z)-orbit of the
p y
quadratic form F, which we defined by

Zr:={{a,b,c)~F : ac <0},
for the forms F = (—1,4,4), (5,11, —5), and (—4825, —15989, —13246).

Characterise all forms F of non-square discriminant D > 0 for which the
sets Zr are symmetric under the involutions

s1 : {(a,bc) — (—a,—b,—c)

s : {a,b,c) — {a,—b,c)

in terms of the associated class in the (narrow) Picard group of Z [DJFT‘E} .

(4) Consider a multiplicative cocycle
@ € Z! (SLy(2),C(2)*) .
Its value at a form G € Fp with D > 0 non-square is defined by
O[G] :=0O(vg)(r(G))

where v is the automorph of G. Show that for a fixed ©, the value O[G]
only depends on the SL;(Z)-orbit of G.

(5) (Warm-up cocycle I) For any ¢ = (r,s) € P!(Q) define the function
s
L(c) :=

sz—7T
and consider the map
pc: GL2(Q) — C(z),
Y — L(c)—L(ye).
Show that
o this is a 1-cocycle,
e its cohomology class

[pe] € HY(GL,(Q), C(2))

is independent of the choice of cusp c,
e if F € Fp for D > 0 non-square, the multiplicative lift p* of its
restriction to the subgroup SL;(Z) has value at F equal to

p[F =eg

where ep > 1 is the fundamental unit of norm 1 in the quadratic
order Z {w} of discriminant D.

(6) (Warm-up cocycle II) For any ¢ = (r,s) € P!(Q) define the function
1

N(C) = m,
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where choose ged(r,s) = 1, and consider the map
qc: SL2(Q) — C(z),
8% —  N(c) — N(yc).
Show that

e this is a 1-cocycle,
e its cohomology class

[qc) € HY(SLy(Z),C(2))

is independent of the choice of cusp c.
Remark. Note that this cocycle is not in the image of dlog.

(7) (Knopp cocycle) Choose a cusp ¢ € P}(Q). Define the map
kner: SLp(Z) — C(z)
by setting
sgn. o ()

kner(y) = Z z—1Q)

Q-~F
where the numerator is defined by
1 if Q(c) > 0 > Q(ye),
sgnC/Q(y) =< =1 if Qc) < 0 < Q(yce),
0 else.
e Show that kn. r is a 1-cocycle.
e Show that its cohomology class
[kne,r] € H'(SL2(Z), C(2)
is independent of the choice of cusp c.
e Show that the multiplicative lift
kny € Z1(SLy(2),C(2))
satisfies
ks (T) = el3,
where ep > 1 is the fundamental unit of norm 1 in the quadratic
order Z {D%@} of discriminant D.

(8) Define the map t: R>9— R0 by

x—1 if x>1
t(x) ==
x/(x—1) if 0<x<1

Show that the periodic orbits for iteration of t are the sets {0} and

Sp:=1{r(Q) : Q€ Xf}
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for F € 3p, with D > 0 non-square.

(9) Use the previous exercise to show that the cocycles p, g, kng introduced
above generate the group of parabolic (additive) rational cocycles

Z}ar (SL2(Z),C(2)).

References

[1] J. Buchmann and U. Vollmer, Binary Quadratic Forms, Algorithms and Computation in Mathemat-
ics, vol. 20, Springer-Verlag, Berlin, 2007. <—
[2] J. H. Conway, The sensual (quadratic) form (F. Fung, ed.), The Carus mathematical monographs,
The Mathematical Association of America, 1997. +
[3] D. Cox, Primes of the form x* + ny?, Wiley-Interscience, 1989. <
[4] Y. Choie and D. Zagier, Rational period functions for PSL(2,Z), A tribute to Emil Grosswald:
Number theory and related analysis, 1993.
[5] H. Darmon and A. Pozzi and J. Vonk, Diagonal restrictions of p-adic Eisenstein families, Math. Ann.
379 (2021), no. 1, 503-548. <
[6] H. Darmon and A. Pozzi and J. Vonk, The values of the Dedekind—Rademacher cocycle at real multipli-
cation points, J. Eur. Math. Soc. (2022). <+
[7] H. Darmon and J. Vonk, Singular moduli for real quadratic fields, Duke Math. J. 170 (2021), no. 1,
23-93. +
[8] H. Darmon and J. Vonk, Arithmetic intersections of modular geodesics, ]. Number Theory (Prime)
230 (2022), 89-111, DOI doi.org/10.1016/j.jnt.2020.12.012. +—
[9] H. Darmon and ]. Vonk, Real quadratic Borcherds products, Pure Appl. Math. Q. (Special Issue in
honor of Dick Gross) (2022). +—
[10] B. Gross and D. Zagier, On singular moduli, ]. Reine Angew. Math. 355 (1985), 191-220. <1
[11] B. Gross and D. Zagier, Heegner points and derivatives of L-series, Invent. Math. 84 (1986), no. 2,
225-320. <
[12] B. Gross and W. Kohnen and D. Zagier, Heegner points and derivatives of L-series II, Math. Ann. 278
(1987), 497-562. +—
[13] A. Hatcher, The topology of numbers (2017). <
[14] M. Knopp, Rational period functions of the modular group, Duke Math. 45 (1978), no. 1, 47-62. +—
[15] M. Knopp, Rational period functions of the modular group. II, Glasgow Math. J. 22 (1981), no. 2,
185-197.
[16] A. Lauder, Computations with classical and p-adic modular forms, LMS ]. Comp. Math. 14 (2011),
214-231. +
[17] A. Lauder and J. Vonk, Computing p-adic L-functions of totally real fields, Math. Comp. 91 (2022),
no. 334, 921-942, DOI doi.org/10.1090/mcom /3678. <—
[18] J. Rickards, Computing intersections of closed geodesics on the modular curve, ]. Number Theory 225
(2021), 374-408. +
[19] J. Rickards, Counting intersection numbers of closed geodesics on Shimura curves, arXiv:2104.01968
(2022). <
[20] J. Vonk, Computing overconvergent forms for small primes, LMS J. Comp. Math. 18 (2015), no. 1,
250-257.
[21] D. Zagier, Modular points, modular curves, modular surfaces, and modular forms, Arbeitstagung Bonn
1984, 1985, pp. 225-248. +—

Mathematical Institute, Snellius Building, Niels Bohrweg 1, 2333 CA Leiden (Netherlands)
Email address: j.b.vonk@math.leidenuniv.nl



