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The class QMA (Quantum Merlin Arthur)

NP

A problem is in NP if there is
a poly-sized uniform circuit
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The class QMA (Quantum Merlin Arthur)

NP QMA

A problem is in NP if there is A promise problem is in QMA
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QMA

A promise problem is in QMA
If there is a poly-sized uniform
quantum circuit family {C,} such
that on input x, where |x| = n:

If x € Yes, then there is a
quantum W|tness /) such that

Prob[C,(x =1]> 28,1
If x € No, then for every |d),
Prob[C,(x, |$)) = 1] < D&, 4
/) has poly(n) qubits.

Local Hamiltonian

is QMA-complete




Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L?
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Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L?

C, |—0/1

Is there a string y that causes this
circuit to output 17
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Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L?

Boolean
C, 0/1 = Formula:
D,(y)

Is there a string y that causes this <~ Is @, (y) satisfiable?
circuit to output 17
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Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L? Can assume C, is a reversible circuit.

y | —C

Is there a string y that causes this
circuit to output 17

Quantum Hamiltonian Complexity - Sandy Irani



Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L? Can assume C, is a reversible circuit.

— * ° m(T+1) Boolean variables
y - ° m = number of lines
. o T = number of gates
o ® e @
0/1 o o
8/ —
X 041 ol lo o
9 4 >

Is there a string y that causes this
circuit to output 17
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Boolean Satisfiability is NP-hard [Cook-Levin]

Start with a generic language L in NP

Is x € L? Can assume C, is a reversible circuit.

*—o ° m(T+1) Boolean variables
e ° m = number of lines
o—o o T = number of gates
—-@ @ @
@ @ o @
D S Enforce correct

0/1 o i D S computation |

_8?1 ot oje—e—e e by local constraints.

Is there a string y that causes this
circuit to output 17
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Local Hamiltonian is QMA-hard
Start with a generic language L in QMA

Is x € L?
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Local Hamiltonian is QMA-hard

Start with a generic language L in QMA

Is x € L?

- 0/1

X

o O O O O
~— T T T T

)
)
)
)
)

—h —h —h —h —h
S~ S~ S~ S~~~

Chn

)

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?
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Local Hamiltonian is QMA-hard

Start with a generic language L in QMA

Is x € L?

X

o O O O O
~— T T T T

)
)
)
)
)

—h —h —h —h —h
S~ S~ S~ S~~~

)

Chn

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?
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-0/1
k-Local
—> Hamiltonian:
(Hy, E, A)



Local Hamiltonian is QMA-hard [Kitaev 1995]
Start with a generic language L in QMA

Is x € L?
o -0/
)| o = k-Local
1 I
| 10)/11) C, | —  Hamiltonian:
— (Hx, E, A)
b) — )

Is there a quantum state ¢) « s the ground energy of H
that causes this quantum circuit < Eor> E+A?

to output 1 with high probability?
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Local Hamiltonian is QMA-hard [Kitaev 1995]

Start with a generic language L in QMA
Start with k = O(log n)

Is x € L? Then improve to k = 5
10 /1) -
X} fo/h SR
0)/11) — k-Local
[0)/]1) C, [ — Hamiltonian:
[ (H 3 E! A)
(o) — X

Is there a quantum state ¢) « s the ground energy of H
that causes this quantum circuit < Eor> E+A?

to output 1 with high probability?
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Local Hamiltonian is QMA-hard [Kitaev 1995]

Start with a generic language L in QMA
Start with k = O(log n)

Is x € L? T Then improve to k = 5

— < >
e o/t

" -

X) gié 1; — k-Local
[0)/]1) C, [ — Hamiltonian:

[ (H 3 E! A)

(o) — X

Is there a quantum state ¢) « s the ground energy of H
that causes this quantum circuit < Eor> E+A?

to output 1 with high probability?
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Computational History States - Classical and Quantum

Classical
Reversible Circuit
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Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - —M
o—o o—o o _U1 U4_
y| 2o
—@ @ @ @ @ @ o—
—@ O O O O O o— _ -
_—0—0—0 -0—o0 0 - U
()] ()] ()] ()] ()] @ ¢ o ()] ] B
‘zji[: oo ) — U
X | o—o—o0o—o0 ::D:— 0 B U3— -
:: : 0 0 s .—0—

Quantum Hamiltonian Complexity - Sandy Irani



Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - —M
o—o o—o o _U1 U4_
vl 2o «
—@ @ @ @ @ @ o—
—@ O O O O O o— _ -
__—o0—o—o -o—o o - U —
()] ()] ()] ()] ()] @ ¢ o ()]
il it — U
X | o—o—o0o—o0 ::D:— 0 B U3— -
efesteee (o y
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o
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Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - —M
- e—-— N Ua|
y % o—o—o o— X
e [t —
il it o
X| oo ol l—e - T
e 1y
(x, &)
\J
Ui(x,|E))
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Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - M
e e | Ua
y % o—o—o o— X
e [t —
il it o
X| e fii—— & >
s fese e 1y
(x, &)
\J
Ui (x, 5>)'
U2 Ui (x, |E)
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Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - M
- e—-— N Ua
y % o—o—o o— X
e [t -
SEES RN I o
X| oo ol l—e - T
e 1y
(x, &)
\J \J
Ui (x, E))' Ur---UU
U2 Ui (x, |E)
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Computational History States - Classical and Quantum

Classical Quantum
Reversible Circuit Verifier circuit
- - - M
- e—-— N Ua
y % o—o—o o— X
e [t -
SEES RN I o
X| oo ol l—e - T
e 1y
(x, &)
\J \J
Ui (x, E))' Ur---UU
U2 Ui (x, |E)

ldea: Store the history of the computation in quantum superposition.
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Need for Superposition

Quantum
Verifier circuit

_:U1 Al
X
- /
|5>_ Us
\J
|OO-'~OO>+‘11 -~'|‘|>v
00---00) — |11 -
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Need for Superposition

Quantum
Verifier circuit

_:U1 Al
X
- /
|5>_ Us
\J
|OO-'~OO>+‘11 ~~11>

\/

00---00) — [11- -
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11)

No local check can
detect this problem.



The Computation State

The constraints of the k-local Hamiltonian ensure that the ground
state is a superposition of:

x)|&) ]00- - -00)
Us[x)|E) 00 --01)
UsUs|x)|E) 100 --10)

Ur - Up Uy [x)|E) [11---11)

Computation Clock
Qubits Qubits
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The Computation State

The constraints of the k-local Hamiltonian ensure that the ground
state is a superposition of:

x)|&) |00 - - 00)
Us[x)|E) 00 --01)
UsUs|x)|E) |00 ---10)

-
1
Z UtUi—1 - - - U Us | X)|E) ® |t)
V T +1 -0 | /
/ Clock
Ur--- WU |x)|E) [11---11) Compgtatlon Register
| | | Register .
Computation Clock S qubits

Qubits Qubits r=2°—-1

Quantum Hamiltonian Complexity - Sandy Irani



A Simpler Problem

Find a Hamiltonian over s qubits, whose ground state is:

where T =2° — 1

WZ'
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A Simpler Problem

Find a Hamiltonian over s qubits, whose ground state is:

where T =2° — 1
WZ'

T— 1_|
H = E +t+ 1)+ 1] = [O(t+ 1] = |t +1)(t])

j=0
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A Simpler Problem

Find a Hamiltonian over s qubits, whose ground state is:

T—1

1
H _

2

/=0

Each term:

t I+ 1

t | 1/2 —1/2
t+1| 1/2 1/2

(1, 1), eigenvalue 0
(1, —1), eigenvalue 1
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where T =2° — 1

1
mg'”

+t+ 1)+ 1] = [O(t+ 1] = |t +1)(t])



A Simpler Problem

Find a Hamiltonian over s qubits, whose ground state is:

where T =2° — 1
v T+1 Z|
T— 11
H=) 5 (I +[t+ 1)+ = [6)(t+ 1] = [t+1){1])
J=0
Each term: Sum: L, _.
t | 1/2 —1/2 1 - -
t+ 1 1/2 1/2 E
(1, 1), eigenvalue 0 1 _21 _21
(1, —1), eigenvalue 1 _ 2
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A Simpler Problem

Find a Hamiltonian over s qubits, whose ground state is:

For t in binary
S-bit operation: where T = 25 — 1
s~ log T = O(log n) \V T+1
T— 11
H = E +t+ 1)+ 1] = [O(t+ 1] = |t +1)(t])
/=0
Each term: Sum: ., _.
t t+ 1 —01 21 —21 1
t | 1/2 —1/2 1 - -
t+1] 1/2 1/2 5
(1, 1), eigenvalue 0 — 1 _21 —21
(1,—1), eigenvalue 1 ] 1
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The Propagation Matrix

o N =
=
nN|— N =
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—_
|
N|—

N =

N—
N|—

T + 1 columns

—h

T +1
FOWS

=
o

N|—

N[—
N|—
1



The Propagation Matrix

N—

1 —

—_
N|—

_1
2

N[—

I +1 columns
Eigenvalue: 0

-1 _1
2 2
1 1
2 1 T2
o -1 1 -1
ElgenveCtor. m(‘l, 15 e ° ° 3 1)
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T +1
rows

o

N|—

=
[



The Propagation Matrix

o N —
Y
N
NI
|
Y

N|—
N|—

I +1 columns
: _ 1
Eigenvector: ——(1,1,...,,1)

A=|—-B
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N|—
N|—
—_

=
o

N|—

N[—
N|—
1

1/2

0 1/2

T +1
rows

Eigenvalue: 0

1/2 0 1/2

1/2 0
1/2

0
1/2
1/2.




The Propagation Matrix

— 1 _1 —_
2 2
1 1
2 " A
A ° 2 T +1
- - rows
1 1
-1 1 =1 o0
_1 1 _1
2 ’ 12
| _E E .
I +1 columns
: ] 1 : .
Eigenvector: \/ﬁ“’ 1,...,,1) Eigenvalue: 0
‘1/2 1/2
A . I B 1/2 0 1/2
—_ - 0 1/2 0 1/2
A: eigenvalue of B /2 0 1/2 o
. 1/2 0 1/2
= 1 — A eigenvalue of Hpqp : /2 1/2]
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Random Walk Matrix

/2 1/2
1/2 0 1/2
0o 1/2 0 1/2

1/2
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0
1/2

1/2
0
1/2

1/2
1/2




Random Walk Matrix

/2 1/2
1/2 0 1/2
0o 1/2 0 1/2
B =
1/2 0
1/2
Matrix B describes a random walk on a line:
@ @ @ @ @ @ @ @
0O 1 2 3 4 5 T
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1/2
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Random Walk Matrix

/2 1/2
1/2 0 1/2
0o 1/2 0 1/2

1/2 0 1/2
1/2 0
i 1/2
Matrix B describes a random walk on a line:
1/2___ 172 12 1/2

QQ/‘.Q.. h@
012345 -+ T
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Random Walk Matrix

/2 1/2
1/2 0 1/2
0o 1/2 0 1/2

B =
1/2 0 1/2
1/2 0
i 1/2
Matrix B describes a random walk on a line:
12___ 12 1/2 1/2 12 1/2

Qr« A & Py

@ @ @ @ @ @ @ @

0O 1 2 3 4 5 T
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Random Walk Matrix

/2 1/2 .
1/2 0 1/2
0o 1/2 0 1/2

1/2 0 1/2 0
1/2 0 1/2
1/2 1/2

Matrix B describes a random walk on a line:

1/2 1/2 1/2 1/2 12 1/2
. \ A~ A A~
@ @ @ @ L
*

@ @ L
01 2 3 4 5

Maximum eigenvalue At = 1
Second largest eigenvalue related to convergence time: 1 — 2(T1+1)2 < A7_1

For A=/—B: Ap=0 and A@Q(;T)Q
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Propogation Matrix Hp,qp

;
Target 1
UU._+---UU i
Ground State: /T + 1 %O: tUi—1 -+ LeUi[x)[&) @ 1)
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Propogation Matrix Hp,qp

;
Target 1

UU._+---UU i
Ground State: /T + 1 %O: tUi—1 -+ LeUi[x)[&) @ 1)

For any |®):
D)t —1) and U;|®)|t) have the same amplitude.
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Propogation Matrix Hp,qp

-
Target 1
UUi—1--- U U t
Ground State: m; e Uikl @1t
For any |®):
D)t —1) and U;|®)|t) have the same amplitude.
Hy =

%Ll®|t><t|+l®\t—1><t—1|I—IUt®\t)(t—ﬂl—lUf@\t—1><t\]

Diagonal terms Forward Backward
Propogation Propogation
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Propogation Matrix Hp,qp

-
Target 1
UUi—1--- U U t
Ground State: m; e Uikl @1t
For any |®):
D)t —1) and U;|®)|t) have the same amplitude.
Hy =

%Ll®|t><t|+l®\t—1><t—1|I—IUt®\t)(t—ﬂl—lUf@\t—1><t\]

Diagonal terms Forward Backward
Propogation Propogation

D)t —1) UD)[t)

|CD>|t—1>[ 1/2 —1/2]

Ui|D)|t) —1/2 1/2
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Propogation Matrix Hp,qp

;
Target 1

UU._+---UU i
Ground State: /T + 1 %O: tUi—1 -+ LeUi[x)[&) @ 1)

For any |®):
D)t —1) and U;|®)|t) have the same amplitude.
Hy =
L1 ot + 1@ t—1)(t— 1]~ Ui [t — 1] - Uf @ |t — 1)(t]

Diagonal terms Forward Backward
Propogation Propogation

T
Hprop — Z Ht
t=1

D)t —1) UD)[t)

|CD>|t—1>[ 1/2 —1/2]

Ui|D)|t) —1/2 1/2
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x)}
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x)}

One possible basis for H:

Ua) @&t}
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x)}

For each j and k, H; « is the space spanned by:

g)|&k) @ |0)
Uilaj)|&x) @ [1)
UxUs|a)) |Ex) & |2)

Ur--- UaUi]a)|Ex) @ | T)
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x)}

For each j and k, H; « is the space spanned by:
The H,; «’'s are mutually orthogonal:
3) &) @ |0) ik y OroS

Ui la) &) @ [1)
U>Us|aj) | &) ® |2)

Ur--- UaUi]a)|Ex) @ | T)
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x)}

For each j and k, H; « is the space spanned by:

The H, «x's are mutually orthogonal:

aj)|&x) ® |0) , .
Uila)|&k) @ |1) TG k) 7 (7, K):
U: Ui |a)) £k>® 2) 1) |Ex) @ |t) L ay)|&x) @ |1

Ur--- UaUi]a)|Ex) @ | T)
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Propogation Matrix Hpyop, cont.

Express Hyrop in special basis of H = Hnput @ Hwitness @ Heiock

Orthonormal basis for input register: {|a;) }
Orthonormal basis for witness register: {|&x) }
For each j and k, H; « is the space spanned by:
The H; x's are mutually orthogonal:
)£ ©10) & Sl

Uila)|&k) @ |1) TG k) 7 (7, K):
U: Ui |a)) £k>® 2) 1) |Ex) @ |t) L ay)|&x) @ |1

So:
Us-- - Ur]a)|&) ® [t)
1
U - Urlay)| &) @ 1)

Ur--- UaUi]a)|Ex) @ | T)
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Propogation Matrix Hpyop, cont.

He= 5 1|t + 1@ |t= 1)t — 1]+ U |t —1] = Uf @ [t— 1)(]
Hprop:z; H;
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Propogation Matrix Hpyop, cont.

He= 5 1|t + 1@ |t= 1)t — 1]+ U |t —1] = Uf @ [t— 1)(]
Hprop:z; H;

H; « is the span of:

a)|&k) @ |0)
Uilaj)|&x) © [1)
U:Us|a)) |Ex) ® |2)

Ur--- UaUi]a)|Ex) @ | T)
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Propogation Matrix Hpyop, cont.

He= 5 1|t + 1@ |t= 1)t — 1]+ U |t —1] = Uf @ [t— 1)(]
Hprop:z; H;

H; « is the span of:

Hyrop 1S closed on each H,

Ur--- UaUi]a)|Ex) @ | T)
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3j)|&x) ®|0)
Uila)|&x) ® |1) _ A _
UzUsa)|Ex) @ [2) Horop|4;, = A =
-1 _1
SRR
o -1 1 =3

1 1
5 1 —3 0
_1 1 _1
2 2
_1 1
2 2




Propogation Matrix Hpyop, cont.

He= 5 1|t + 1@ |t= 1)t — 1]+ U |t —1] = Uf @ [t— 1)(]
Hprop:z; H;

H; « is the span of:

a)|&k) @ |0)
Ulalen @ 1) )
U:Us|a)) |Ex) ® |2)

Hyrop 1S closed on each H,

Horop|#,c = A =

T
2 2

~ 11 2 1

Ur--- UeUi|a)|&k) @ |T) L S
-1 1 =1 o0
_1 1 _
1
2 2

=
1
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Propogation Matrix Hpyop, cont.

He= 5 1|t + 1@ |t= 1)t — 1]+ U |t —1] = Uf @ [t— 1)(]
Hprop:z; H;

H; « is the span of:

a)|&k) @ |0)
Uilaj)|&x) © [1)
U:Us|a)) |Ex) ® |2)

Hyrop 1S closed on each H,

| H, Horop| 3, = A =

1

-1 _1
2 2

1

1 =3

1 —

_1
2

o

N —

1
2

Ur--- UaUi]a)|Ex) @ | T)

1 1
—5 1 —5 0
_1 1 _
2
_1 1
2 2
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Propogation Matrix Hpyop, cont.

Hprop =
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Propogation Matrix Hprop, cONt.

Hj,k

Hprop =
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Propogation Matrix Hpyop, cont.

H;«
Hprop:
Hj,k y
/ -1 _1
2 2
_% 1
1
0 =3

Quantum Hamiltonian Complexity - Sandy Irani

N —

N|—

N —

N|—

—k
N —

N —

o

N|—

N
|



Propogation Matrix Hpyop, cont.

H;«
Wik) =
Hprop =
Hj ,
/ -1 1
5 T3

N —
—_

o
|
N —

—

Quantum Hamiltonian Complexity - Sandy Irani

N —

N|—

N —

Null space of Hyp Spanned by:

N —
—k
N —

N —

o

N|—

.
;

Z UtUt—1 - - - U U1 @) |Ek) @ 1)
VT +193

N|—




Propogation Matrix Hpyop, cont.

H;«
Hprop =
H;k //

N

Quantum Hamiltonian Complexity - Sandy Irani

Null space of Hyp Spanned by:

.
;

Z UtUt—1 - - - U U1 @) |Ek) @ 1)
vIT+193

Wik) =

N —
N|—

N
|



Propogation Matrix Hpyop, cont.

Hk Null space of Hyp Spanned by:
T
1
Wik) = Vi) ZO: UtUi—1 - - - U2Us &) [Ex) © [t)
Hprop = Z ok |Wik)
I,k
H;k , 1 T
D U U | D ogulanlen) | © 1)
T +1 0 —
N ;
-1 _1 -
2 2
1 1
-2 1 =3
0 _1 1 _1
. 2 2
Null space: .

All valid computation states.

Second smallest eigenvalue:

1
Z TP

Quantum Hamiltonian Complexity - Sandy Irani
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N
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Two more terms....

Enforce that start state has the correct input x in the input register:
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Two more terms....

Enforce that start state has the correct input x in the input register:

|ﬂpUtX=X1X2'-'Xn n
Hinit = E ‘7/> <7/’/ & |O><O’c/ock
= AN

Applied to bit j of the input register.
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Two more terms....
Enforce that start state has the correct input x in the input register:

Inputx = X1X2 -+ Xp

n
Hinit = Z ‘7/> <7/’/ ® 10)(0]crock
J=1 \

Applied to bit j of the input register.

Enforce that the computation —

accepts:
X)

o O O O O
S~ S S S S~
N e e T N

S~ S S S S~

|
|
$?

o
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Two more terms....
Enforce that start state has the correct input x in the input register:

Inputx = X1X2 -+ Xp

n
Hinit = Z ‘7/> <7/’/ ® 10)(0]crock
j=1 AN

Applied to bit j of the input register.

Enforce that the computation —

accepts: 8;? 1;

X) | joy/11)

Hout = [0)(0]1 @ | TY{ T |crock 0)/|1)
N Jo)/I1) C,

Applied to the
computation output bit. | £>
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Two more terms....
Enforce that start state has the correct input x in the input register:

Inputx = X1X2 -+ Xp

n
Hinit = Z ‘7/> <7/’/ ® 10)(0]crock
j=1 AN

Applied to bit j of the input register.

Enforce that the computation —

accepts: 8;? 1;

X) | joy/11)

Hout = [0)(0]1 @ | TY{ T |crock 0)/|1)
N Jo)/I1) C,

Applied to the
computation output bit. | £>

H = Hprop + Hinit + Hout -

Quantum Hamiltonian Complexity - Sandy Irani



Completeness

If x € Yes, then there is a |§) such that C(x, |&)) = 1
with probability > 1 — .
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Completeness

If x € Yes, then there is a |§) such that C(x, |&)) = 1
with probability > 1 — .
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Completeness

If x € Yes, then there is a |§) such that C(x, |&)) = 1
with probability > 1 — .

) =

.

1

NGE] Z UtUi—1 - - - U Ui x)|E) @ |1)
t=0

1) <(D’HPrOP’(D>=O
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Completeness

If x € Yes, then there is a |§) such that C(x, |&)) = 1
with probability > 1 — .

©) = ——— 3" Ul -~ Ll [0)[E) ® 1)

1) (D|Hprop|D) =0
2) (O|Hinit|®) =0  Hinit = 2}7:1 %) (Xj]; @ [0)(0]crock
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Completeness

If x € Yes, then there is a |&) such that Cy(x, |£)) =
with probability > 1 — .

D) =

.

1

JTi1 Z UtUi—1 - - - U Ui x)|E) @ |1)
t=0

1) (D|Hprop|D) =0
2) (O|Hinit|®) =0  Hinit = 2}7:1 %) (Xj]; @ [0)(0]crock

3) <(D’HOUT’(D> =7? out ‘O><O’1 X |T><T|clock
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Completeness

If x € Yes, then there is a |&) such that Cy(x, |£)) =
with probability > 1 — .

1

VT +1

i
D) = D Uiy - LU |x)|E) @ |2)
t=0

1) (D|Hprop|D) =0
2) (O|Hinit|®) =0  Hinit = Z,L %) (Xj]; @ [0)(0]crock

3) <(D’HOUT’(D> =7? out ‘O><O’1 X |T><T|clock

= Ur - Ui |9 T) = 2= (0]0) o) + 1 [1)[b1))| T)
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Completeness

If x € Yes, then there is a |&) such that Cy(x, |£)) =
with probability > 1 — .

T
©) = ——— 3" Ul -~ Ll [0)[E) ® 1)
t=0

vVT+17

1) (D|Hprop|D) =0
2) (O|Hinit|®) =0  Hinit = Z,L %) (Xj]; @ [0)(0]crock

3) <(D’HOUT|(D> — |;’fi’r < 2n(;_+1) Hout = ‘O><O’1 X |T><T|clock
S Upe UXIENIT) = (ol OVlabo) + ot [1) b)) | T)
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Completeness

If x € Yes, then there is a |&) such that Cy(x, |£)) =
with probability > 1 — .

.
1
D) = UUi—1 - - L Us [ X)[€) @ 1)
v T+1 %o:
Select E = 2,,(T 5
1) <(D Hprop’(D> =0 (ODIH|D) < E
2) <(D Hinit‘(D> =0 Hinit = Z/I'?ﬂ ’7/> <7/’/ & ‘O><O clock
3) <(D’HOUT|(D> — |$i’r < 2n(;_+1) Hout = ‘O><O’1 X |T><T|clock
= Ur - Ui |9 T) = 2= (0]0) o) + 1 [1)[b1))| T)
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Soundness

Intuition:

Hprop =

Quantum Hamiltonian Complexity - Sandy Irani



Soundness

Intuition: Hix

Hprop =
H;k
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Soundness

Intuition: My
Ground state of Hprop %,
1 T
Hprop = " Wjk) = UtUi—1 - - - U2Us &) [Ex) ® [t)
prop J \/ﬁ %0: /
H;k
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Soundness

Intuition: Hix
Ground state of Hprop %,

H " j&

= " Wik) = UtUt—1 - - U Us|g)) |Ek) @ |1)
prop J JT+1 — tt J
H;k : L

If a; # x (input string is wrong):
then (W, «|Hinit|¥j k) > T+1

because expectation of
Hinit on [))[&4)[0) = 1
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Soundness

Intuition: Hix
Ground state of Hprop %,
Hprop = " Wik) = JTi1 Z UtUi—1 - - - U2 Un)) |Ek) @ [t)
M If a; # x (input string is wrong):
then < jk’HInll“\Pj k> il 7-11
because expectation of
If &; = x and x € No Hinit on [&))[&x)[0) = 1

then for every witness |&y):
< /k’Hout’\y/k> -t T 1 (1 o _)

because expectation of

Hout on Ut - - - U118} |&x)| T)

is at least 1 — 21—,,
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Soundness

Intuition: Hix
Ground state of Hprop %,
Hprop = " Wik) = JTi1 Z UtUi—1 - - - U2 Un)) |Ek) @ [t)
M If a; # x (input string is wrong):
then < jk’HInll“\Pj k> i 7-11
because expectation of
If &; = x and x € No Hinit on [&))[&x)[0) = 1
then for every witness |&y): _
(Wi | HoutWjk) = T 1 (1 — _) lower bound for
because expectation of smallest
Four on Ur - - Un |8) &) I T) eigenvalue of H

is at least 1 — o7 -
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A Useful Lemma

Lemma:
H; and H. are Hermitian positive semi-definite matrices.
Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop
If the second eigenvalue of H; and Hz is > A and
h I N '
and the angle between Ny and N: is at least © Ho = Hipir + Hyyt

then the smallest eigenvalue of Hy + H, is > Asin®(0/2)
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A Useful Lemma

Lemma:

H; and H. are Hermitian positive semi-definite matrices.

Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop

If the second eigenvalue of H; and Hz is > A and

and the angle between N; and N: is at least 0 Hy = Hipie + Hyyt
- ni out-

then the smallest eigenvalue of Hy + H, is > Asin®(0/2)

Proof: Wilog state |6) has angle at least 0/2 from N;.
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A Useful Lemma

Lemma:

H; and H. are Hermitian positive semi-definite matrices.

Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop

If the second eigenvalue of H; and Hz is > A and

and the angle between N; and N: is at least 0 Hy = Hipie + Hyyt
- ni out-

then the smallest eigenvalue of Hy + H, is > Asin®(0/2)
Proof: Wilog state |6) has angle at least 0/2 from N;.
(O|Hi + Ha[d) = (3]H4[d) + (5]|H2[d) > (5]Hs8)
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A Useful Lemma

Lemma:

H; and H. are Hermitian positive semi-definite matrices.

Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop

If the second eigenvalue of H; and Hz is > A and

and the angle between N; and N: is at least 0 Hy = Hipie + Hyyt
- ni out-

then the smallest eigenvalue of Hy + Hz is > A sin®(0/2)
Proof: Wilog state |6) has angle at least 0/2 from N;.

ANT (8|Hy + Ho|8) = (8|H1|8) + (5|Ha|8) > (5]Hy|5)
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A Useful Lemma

Lemma:

H; and H. are Hermitian positive semi-definite matrices.

Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop

If the second eigenvalue of H; and Hz is > A and

and the angle between N; and N: is at least 0 Hy = Hipie + Hyyt
- ni out-

then the smallest eigenvalue of Hy + Hz is > A sin®(0/2)

Proof: Wilog state |6) has angle at least 0/2 from N;.
ANL

1 (O|Hy + Ha2|8) = (8|H1|8) + (8|H2|0) > (b|H1|0)
e (51H113) > ][54 A
02,
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A Useful Lemma

Lemma:

H; and H. are Hermitian positive semi-definite matrices.

Let Ny and N- be the null spaces for H; and Ho. Apply with
: , H1 = Hprop

If the second eigenvalue of H; and Hz is > A and

and the angle between N; and N: is at least 0 Hy = Hipie + Hyyt
- ni out-

then the smallest eigenvalue of Hy + Hz is > A sin®(0/2)

Proof: Wilog state |6) has angle at least 0/2 from N;.
1

ANE (5]Hr + Fo5) = (5]H1[5) + (8] |5) > (5]Fh o)

---------------- 5) (8]H1]8) > [I[8)[12A

572 [[54)]2 > sin? &
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Applying the Lemma

Lemma:

H{ and H, are Hermitian positive semi-definite matrices.
Let Ny and N> be the null spaces for Hy and Ho.

If the second eigenvalue of Hy and Ho is > A
and the angle between Ny and No is at least 0

then the smallest eigenvalue of Hy + Ho is > Asin®(0/2)

Quantum Hamiltonian Complexity - Sandy Irani



Applying the Lemma

Lemma:

H{ and H, are Hermitian positive semi-definite matrices.
Let Ny and N> be the null spaces for Hy and Ho.

If the second eigenvalue of Hy and Ho is > A
and the angle between Ny and No is at least 0

then the smallest eigenvalue of Hy + Ho is > Asin®(0/2)

Apply with Hy = Horop and Ha = Hinit + Hour.
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Applying the Lemma

Lemma:

H{ and H, are Hermitian positive semi-definite matrices.
Let Ny and N> be the null spaces for Hy and Ho.

If the second eigenvalue of Hy and Ho is > A
and the angle between Ny and No is at least 0

then the smallest eigenvalue of Hy + Ho is > Asin®(0/2)

1

Second largest eigenvalue of Hprop 2> s = A
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Applying the Lemma

Lemma:

H{ and H, are Hermitian positive semi-definite matrices.
Let Ny and N> be the null spaces for Hy and Ho.

If the second eigenvalue of Hy and Ho is > A
and the angle between Ny and No is at least 0

then the smallest eigenvalue of Hy + Ho is > Asin®(0/2)

Apply with Hy = Horop and Ha = Hinit + Hour.

Second largest eigenvalue of Hy.p > 2(717)2 = A
n

Hinit = Z ‘7/> <7/’/ ® 10) (0l crock
=

Hout = ’O><O|1 =Y |T><T’c/ock
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Applying the Lemma

Lemma:

H{ and H, are Hermitian positive semi-definite matrices.
Let Ny and N> be the null spaces for Hy and Ho.

If the second eigenvalue of Hy and Ho is > A
and the angle between Ny and No is at least 0

then the smallest eigenvalue of Hy + Ho is > Asin®(0/2)

Second largest eigenvalue of Hyrop > 5

= 2(T+1)2 ~
n
o N H;init + Hoyt 1S diagonal in the
Finit = 21: %(%1; © 0)(Ofcrook standard basis with integer entries.
J=
= second largest eigenvalue
out ’O><O|1 0 |T><T’c/ock > 1 > A
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The Angle between N, and Njo

Take generic ground state of H,,op:
J 9 prop superposition of

. T different input ans
) — D U U | D agklalén) | @I witness states
t=0 J,k

L 1/
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The Angle between N, and Njo

Take generic ground state of H,,op:
J 9 prop superposition of

different input ans

.
1
n) > Ur--- Ui | D oykla)|ex) | 1) witness states
v T+1 "0 K

L 1/

Let I'T be the projector onto the ground space of Hjni: + Hoyt.

max, [TTin) |2 = cos26

ming, [|(/ — THN)||* = sin6
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The Angle between N, and Njo

Take generic ground state of H,,op:
J 9 prop superposition of

different input ans

.
1
n) > Ur--- Ui | D oykla)|ex) | 1) witness states
v T+1 "0 K

L 1/

Let I'T be the projector onto the ground space of Hjni: + Hoyt.

max, [TTin) |2 = cos26

min, ||(/ — TTn)||* = sin® <—— Will lower bound.

. 20 ~ sin°0
sin® 5 > i
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The Angle between N, and Njo

Take generic ground state of H,,op:
J 9 prop superposition of

different input ans

.
1
n) > Ur--- Ui | D oykla)|ex) | 1) witness states
v T+1 "0 K

L 1/

Let I'T be the projector onto the ground space of Hjni: + Hoyt.

max, [TTin) |2 = cos26

min, ||(/ — TTn)||* = sin® <—— Will lower bound.

. 20 ~ sin°0
sin® 3 > a

(I =TOX)y) ) =1 if
t=0anda+#x OR t=T andoutput bitis 0.
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The Angle between N, and Njo

Take generic ground state of Hpp:

.
;

n) = ZUt"'U1 Z(Xj,k|aj>|5k> ®|t)
T +1 0 K

(=) =1
t=0anda#x OR t=T andoutput bitis 0.
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The Angle between N, and Njo

. , incorrect
Take generic ground state of Hyop: correct input input

: AW .

=S U U (Z oc,-,k|aj>ak>> oIty = 0x|Nx) + &x[Mx)
J,k

T+ 1 0

(=) =1
t=0anda#x OR t=T andoutput bitis 0.
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The Angle between N, and Njo

. , incorrect
Take generic ground state of Hyop: correct input input

: AW .

=S U U (Z oc,-,k|af>ak>> oIty = 0x|Nx) + &x[Mx)
J,k

T+ 1 0

(=) =1
t=0anda#x OR t=T andoutput bitis 0.

Penalty for rejecting
computation (Hout)

(1 =T P > 7710 =T Ur - Us (Ix)[E)) @ | T) |2

Quantum Hamiltonian Complexity - Sandy Irani



The Angle between N, and Njo

. , incorrect
Take generic ground state of Hyop: correct input input

: AW .

=S U U (Z oc,-,k|af>ak>> oIty = 0x|Nx) + &x[Mx)
J,k

T+ 1 0

(=) =1
t=0anda#x OR t=T andoutput bitis 0.

Penalty for rejecting
computation (Hout)

(1 =T P > 7710 =T Ur - Us (Ix)[E)) @ | T) |2

[V
‘_L
~—
—h
|
|_L
~—
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The Angle between N, and Njo

. , incorrect
Take generic ground state of Hyop: correct input input

: AW .

=S U U (Z oc,-,k|af>ak>> oIty = 0x|Nx) + &x[Mx)
J,k

T+ 1 0

(=) =1
t=0anda#x OR t=T andoutput bitis 0.

Penalty for rejecting
computation (Hout)

(1 =T P > 7710 =T Ur - Us (Ix)[E)) @ | T) |2

[V
‘_L
~—
—h
|
|_L
~—

Penalty for wrong input
(Hinit)

[ =R > 200 =) (Zpps)lEn)) @ 103
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The Angle between N, and Njo

. , incorrect
Take generic ground state of Hyop: correct input input

: AW .

=S U U (Z oc,-,k|af>ak>> oIty = 0x|Nx) + &x[Mx)
J,k

T+ 1 0

(=) =1
t=0anda#x OR t=T andoutput bitis 0.

Penalty for rejecting
computation (Hout)

(1 =T P > 7710 =T Ur - Us (Ix)[E)) @ | T) |2

[V
‘_L
~—
—h
|
|_L
~—

Penalty for wrong input
(Hinit)

[ =M E > 2 10— T ( Sk l@)E6)) @ [0} >
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The Angle between N, and Njo

Take generic ground state of Hpp:

T
W s b (Z oc,-,k|a,->ak>> 8l

Let I'T be the projector onto the ground space of Hjni: + Hoyt.

max, |[TTn) | = cos?0 §in? & >

8(T+1)
ming (1 = )2 = sirfe > 715 (1 — L) > 5

Quantum Hamiltonian Complexity - Sandy Irani



The Angle between N, and Njo

Take generic ground state of Hpp:

T
W s b (Z oc,-,k|a,->ak>> 8l

Let I'T be the projector onto the ground space of Hjni: + Hoyt.
maxy [[TTm)||* = cos*0 sin? & >

miny, ||(/ — THM)||? = sin"® > 7%1 (1= ) > 5+

If x # L, lowest eigenvalue of Hprop + Hinit + Hout > ASin?2

1 1
> 2(T+1)? I' B8(T+1),

|.b. for A
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The Angle between N, and Njo

Take generic ground state of Hpp:

T
W s b (Z ocj,k|aj>ak>> 8l

Let I'T be the projector onto the ground space of Hjni: + Hoyt.

max, ||[TTM)||? = cos®0 in2 0 1
o M) 8> 1
- D aip2 1 1 1
ming [|(/ = TM)||* = sin0 > 77 (1 — ) = 2(T+1)
If x # L, lowest eigenvalue of Hprop + Hinit + Hout > ASin?2
1 1 1
= FTHE BT, Recall £ = 555,
l.b. for A Choose
E+ A = 1

16(T+1)3
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Recap: Local Hamiltonian is QMA-hard
Start with a generic language L in QMA

Is x € L?

MH0/1

X

o O O O O
~— T T T T

)
)
)
)
)

—h —h —h —h —h
S~ S~ S~ S~~~

Chn

)

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?
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Recap: Local Hamiltonian is QMA-hard

Start with a generic language L in QMA

Is x € L?

- 0/1

X

o O O O O
~— T T T T

)
)
)
)
)

—h —h —h —h —h
S~ S~ S~ S~~~

Chn

)

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?
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—

k-Local
Hamiltonian:
(Hy, E, A)
Hy = Hinit+Hprop+Hout



Recap: Local Hamiltonian is QMA-hard [Kitaev 1993]

Start with a generic language L in QMA

Is x € L?

X

o O O O O
~— T T T T

—h —h —h —h —h
S~ S~ S~ S~~~

)
)
)
)
) Cn

)

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?
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-0/1

k-Local
Hamiltonian:
(Hy, E, A)
Hy = Hinit+Hprop+Hout

—

Is the ground energy of H,
< Eor>E+A?
E-

_ 1 _ 1
A= 16(T+1)3 2n




Recap: Local Hamiltonian is QMA-hard [Kitaev 1993]

Start with a generic language L in QMA

Is x € L?

X

o O O O O
~— T T T T

—h —h —h —h —h
S~ S~ S~ S~~~

)
)
)
)
) Cn

)

s there a quantum state ¢)
that causes this quantum circuit
to output 1 with high probability?

Quantum Hamiltonian Complexity - Sandy Irani

Start with k = O(log n)
Then improve to k = 5

o

k-Local
Hamiltonian:
(Hy, E, A)
Hy = Hinit+Hprop+Hout

—

Is the ground energy of H,
< Eor>E+A?
E-

_ 1 _ 1
A= 16(T+1)3 2n




The Clock Register

T—1

H = +E+ 1)+ =[O+ 1] = |t +1)(t])

l\')l—L

/=0
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The Clock Register

T—1

H = +E+ 1)+ =[O+ 1] = |t +1)(t])

l\')l—L

/=0

Binary Clock:
1) {t+1| < |01111111)(10000000|
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The Clock Register

T—1

H = +E+ 1)+ =[O+ 1] = |t +1)(t])

l\')l—L

/=0

Binary Clock:
1) {t+1| < |01111111)(10000000|

Unary Clock:

0) < |00---00)
1) < [10---00)
2) < [110---00)

{) < [11---100- - 00)
t T —1

IT) < [11---11)
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The Clock Register

T—1

1

H = E +E+ 1)+ =[O+ 1] = |t +1)(t])

/=0
Binary Clock:
t)(t+1] < |01111111)(10000000]
Unary Clock: Advancing the clock:
0) < |00 - - - 00)
) = [10- .- 00} t) < [11---1100- - - 00)
2) < [110- - - 00) t+1) < [11---1110---00)
) ¢ [11---100- - - 00)
t I —t

IT) < [11---11)
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The Clock Register

T—1

1
H = E +E+ 1)+ =[O+ 1] = |t +1)(t])
Jj=0
Binary Clock:
1) {t+1| < |01111111)(10000000|
Unary Clock: Advancing the clock:
0) < |00---00)
1 o 1000} t) < |[11---1f00- - - 00)
2) < [110- - - 00) it+1) < |11---1[(10]- - - 00)

t T —t
Applied to qubits t — 1, f,and t + 1
|T> AN |-| 1...1 1> of the clock register
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5-local Hamiltonian

Hy =1 [/® B+ 1@ t— 1)t =1+ U (-1 - Uf o |t - 1><t|}

! 2 qubits ~ \ |
HY H 3 qubits
t=1
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5-local Hamiltonian

Hy =1 [/® B+ 1@ t— 1)t =1+ U (-1 - Uf o |t - 1><t|}

r 2 qubits/ \
HY H 3 qubits
t=1
n
Hinit = Z |7/> <7/|j & |O><O|c/ock
j=1
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5-local Hamiltonian

Hy =1 [/® B+ 1@ t— 1)t =1+ U (-1 - Uf o |t - 1><t|}

! 2 qubits ~ \ |
HY H 3 qubits
t=1

Hinit = Z |Y/> <7j|j & |O> <O|c/ock |O> <O‘1—c/ock
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5-local Hamiltonian

Hy =1 [/® B+ 1@ t— 1)t =1+ U (-1 - Uf o |t - 1><t|}

! 2 qubits ~ \ |
HY H 3 qubits
t=1

Hinit = Z |Y/> <7j|j & |O> <O|c/ock |O> <O‘1—c/ock

Hout = ‘O> <0|1 024 I‘ T><T‘c/ock| |1><1 |T—clock

\/ Applied to qubit T of clock
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One More Set of Terms

Valid Clock State: What about the other states?
0) < |00---00) oy _?

1) < [10---00) elock

2) < [110---00)

{) < [11---100- - 00)
t T —1

T) < [11---11)
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One More Set of Terms
Valid Clock State:

0) < |00 - --00)
1) < [10---00)
2) < [110---00)

{) < [11---100- - 00)
t T —1

T) < [11---11)

Quantum Hamiltonian Complexity - Sandy Irani

What about the other states?

oT
7'[c/ock = (C

Need terms to penalize
invalid clock states.

T—1
Hyaia = Y _101)(01]1:1
t=1

Any clock state with the pattern
"01” will have energy at least 1



One More Set of Terms

Valid Clock State: What about the other states?
0) < |00---00) oy _?

1) < [10- - - 00) elock

2) < [110---00) Need terms to penalize

f) < ’.11 100+ OOI> invalid clock states.

IT) < |11+ 11) Hva"d=;‘01><0”"”“

Any clock state with the pattern
"01” will have energy at least 1

Forbidden States: In general |ab)(ab|;; gives an energy penalty
to any state with qubits / and j in state |ab).
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Clock Configuration Graph

Vertices: {0,1}' (Standard basis of all clock states)

Edge (X, y) if a propogation term converts x to y
10(100] 1

(|100)(100| + [110)(110| — [100)(110| — [110)(100|)3,4.5

101107 1
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Clock Configuration Graph

Vertices: {0,1}' (Standard basis of all clock states)

Edge (X, y) if a propogation term converts x to y

10
(|100)(100]| + [110)(110| — |100)(110| — [110)(100|)3 4,5
. 10
Valid Clock States
000 - --000¢ Invalid Clock States
100 - -- 0004
110 ---000¢

P

o

111 ---1111

Quantum Hamiltonian Complexity - Sandy Irani

1001 1

1101 1




The Propogation Term in Matrix Form

Hprop =
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The Propogation Term in Matrix Form

Hprop —_ 1
+H\ a1ig
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The Propogation Term in Matrix Form

H/orop = ’
+Hy g

N|—=

e
o

Quantum Hamiltonian Complexity - Sandy Irani

—

N|—=

N|—=

N —=

N—

N—

N —=

—h

N[—

N[—

= o
N —




Why not a 2-qubit clock term?

([10){10] + [11) (11| = [10) (1] = [11)(10])11+-

1111100000 ©
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Why not a 2-qubit clock term?

([10){10] + [11) (11| = [10) (1] = [11)(10])11+-

1111100000

1111110000
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Why not a 2-qubit clock term?

([10){10] + [11) (11| = [10) (1] = [11)(10])11+-

111/1100000

1111110000 1ol 100000
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Thank You!
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