
 

Lecture 5

Stoquastic Hamiltonians

Aug 4 2023

based in port on lecture in March2018 UCSD quantumschool by D Gosset



Let H be a Hamiltonian specified in the
standard basis

BravyiDivincenzo

Definition H is stochastic if
Oliviera Ternal 2007

Lx H y to for all x y

will use a stronger definition
fi hi is stoquastic

Lx Ihi y to for all x y



Examples Hprop from the

Laplacian matrix of a graph circuit to Hamiltonian
construction is

L D A stoquastic
diagonal I C adjacency matrixLv Blu degrees

Hamiltonians from adiabatic computation
when a final His classical diagonal

a initial H has ground state It

Hls s s If stlfine



l gefbais

Many Hamiltonians pm pit
sometimes with a

ferromagnetic Heisenberg interestingbosons
on a lattice

quantum transverse Isingmodel

anti ferromagnetic Heisenberg on cubic lattice



Does the local Hamiltonian become easier if
His stochastic

GeneralH
Hamiltonians more
Stasi are

like classical diagonal

Hamiltonians

Whetstone of stoquasticH 147 441 7
Xx E IR 20



Complexity
Given on LH decide if ground energy sa ar sb

EH
a b Isa b'to QMA complete stogFF complete

Kitaev Bravyi Besser Terkel

6 0 Frustration Free

Afp complete
g
Quae complete

pverifies accepts YES instances first Bravyi Terhal 2008
with prob 1 Ma completeproblem



MA Merlin Arthur NPEMAESHEMA LOMA

if X EYES F Y E 0,13 classical V

Pr Vfx y accepts 2213

if X E No t y
Pr Ix y accepts t's f

Fresne
xfY

reversible
except that verifier
can have quantum like 1 5
circuit with a specificform



Naggethods
StochasticH

brute force diagonalization Quantum Monte Carlo

20 30 qubits no sign problem
works heuristically

up to 1000s qubits

Adiabatic Quantum Computing
EtchGeneral H

frustration free slogHcapable of efficient adiabatic
universal Quantum Computing can be simulated
Ard KL LR classically



NonNegativeGroundstates
Claim Let H be stogastic Then F ground
state 147 ofH such that Lz x so f

ZE 0,13
Proof Let 107 be any ground stateofH

147 Eat
Define 144 121411 7 Then

241414 Kk Lx H x Ey la last Iffy
I 121 Lx H x t Ey atty Lx H ly

2414147



Gestates of Static HamiltoniansNonnegative
Definition H is reducible if I permutation
matrix P such that Pt HP is block diagonal

PM

IEYE.fr aTeibie and stogastic then ground
state 147 is unique and 2x 47 o Vx

If H is reducible and
stoquastic then

F ortho normal basis of the ground space
14 14m such that

x 4 to Hj x



Markov Chain from Stoquastic H Bravyi Terhal 2008

arxiv 0806.1746

Startwith Eghi assume irreducible for now

2 144 0 for gs 147
scale t add identityso that

0th t I Of hit m

H É hi E choose E s t H147 0

D O E H E m and ground energy o



Define G I Im E G t I

and Pyx
414 Ly 61 7 site 14

I
Claim PEX y Pay defines a Markov Chain

Tiit sayProof First show

Followsfrom 24147 0
x y Ly H lx to

x y Ly H x Em



Next show Pay 1 Fx

Pay HIIIII
24161 3

In

0147 4 441471472 44g
4147 0



The unique limiting distribution of the Pyx
Markov Chain is

x Lx 47 Xt90,13

Follows from the fact that H land hence Pyx MC

are irreducible and satisfies detailed balance
Tfnotirreduciblethen

T X Pay T y Pyx
f
take non negativebasis

14 it

Walk on thesupportofHow fast does this M C converge each hi is
irreducible



start from arbitrary at 30,13

Tix E Z I min to I Ptz till et

standard mixing time bound

Tmix 142 e log at
E 2nd largest eigenvalue IP

T z 24 272



What is Xz for P

Claim l X 99341

Recall Pay THI Ly lol x
P D G Dt for D Sxy 241 7

G and P are similar matrices D Same eigenvalues

G I Ham
A



Ueshet

Tmix 142 e log at
É les fatale

Given a warm start z 4
2 2 52 2

Pdb

and if gap 1H s a Ipoh
then chain mixes to IT in poly time



Caveat Running the M C requires

knowing Px y which requires knowing 24 x s

Land E
which we don't know

Bravyisterhal show that if His frustration free
then

LIFE can be efficiently
computed



Let H 47 0 and 2 147 0 FEEL
If Px y O then y Glx yo

For a given x Ly 41 7 0

s t Lylhilx 20 Ly hi x to for some i
for some i

Claim if His stoquastic and FF then
BT2008

241yd
Luny

METTE Ti projector
on to Zero
eigenspaceophi



Intuition TI projector onto groundspace of H

T I 14,724 144 is non negative

14 ortho normal
disjoint support

TIX then

tÉÉ

Lx Tty 70
If FF then Tilt 147 same the for Ti



Implications of Clam SimulatingAdiabatic Computation

If there is an adiabatic path Hls
s O 1

Easy to find 1 141037 1405 good
Idea storeyHlo
For 5 0 1

use steadystateof His is stog FF w unique foundHITA as a

warm start for state a gap 2 poly n

m Path is smooth Id Hls dsl I polyin
Then a classical algorithm can approximately

sample from TIX 241171 72



Implications of Clam SimulatingAdiabatic Computation

If there is an adiabatic path Hls
s O 1

Easy to find 1 141037 1405 good
Idea stoneofHlo
For 5 0 1

use steadystateof
Without stochastic condition universal free
His is Stog FF w unique groundHITA as a

warm start for state a gap 2 poly n

m Path is smooth I dHls dsl I polyin
Then a classical algorithm can approximately

sample from TIX 241171 72



Adiabatic Evolution with general local H
is equivalent to the quantum circuit
model

Is there a natural circuit model

corresponding to adiabatic evolution

of stoquastic not Ft Hamiltonians



Complexity of LH far Stog Hamiltniansw w

Given a stoquastic LH determine if
I 147 4 47 0

or o f 147 24 4 47 a lad Ypoly

This will be at least NP hard because
Boolean satisfiability is a special case Howto

Verifier can send as a witness x so 13h verify

2 147 s 212 polyin



StogFF LH E MA

Prover can send a starting point for a
random walk

X s t Lx 4 2 52 2 poly's

One idea for verification
o implement random walk until
convergence then measure energy

Repeat for accuracy
Canverify yes instances
What about No instances



MA Verification fr stog Ma
Define Sgood x 2x Talx o f a

poly time checkable condition

Sbad 30,1 Sgood

on Sgrouno

Show starting from X E Sgood Sground
Whip will reach a string in Stad

Ground X 2x Aground x 70



VerificationProcedure

Proven sends start string x toVerifier
send x that

supposedly X E Sground maximizes 41 1 7

Verifier runs random walk for T steps
at each step if currentstring
is in Sead Reject

If Sbad has not been reached after
steps to Acceptan additional

check alwayssatisfied
for yes instances



How big does T have to be

No instance Do H E

G I In eigenvalue off
l E

ProbStay
Within So

Tina Atesgood Xi G Xin

Xo Glx Lx IG Xa Xt El Xt
XiXz XTESgood

E Xo Gt Xt I 2 1 Em
t If E Ypoly n will be

exp small with Tn poly n



Hardness of Stog FF LH for MA

is shown even when ground state
is a

uniform superposition BT 087

Aharonor d Grito derandomite this process
whent is Tapped and has a ground state

which is a uniform super position

If there is a gap amplification

procedure for uniform FF Stog LH then NP MA








