
 

Hamiltonian Complexity Part II

the Commuting Local
Hamiltonian Problem

August 3 2023



Outline

I Intro Motivation Survey

II Statement of the Structural Lemma

II 2 Local CLH

4 Local 2D CLH on qubits

I Structural Lemma Proof Sketch



F CommmutingLocal Hamiltonians system of n d dimensional
particles

If Ha Ha is k local

Local terms are pairwise commuting

a b Hats HaHa

If It is a commutingLH cat then all the Ha's can

be diagonalized in a single basis

H Ai Iti di Ha di Aai ti

Ai E Xa i



For the purposes of NP above it suffices to

consider the case where terms are projectors

7107su.ch hat2o1H1d7tt
F X Ar and 107 such that Eta Et

and Half Daly f a

F X Ar and 107 such that Exalt

is a frustrationfreeÉ É and Talos o

where Ta I pa
Pa projector out ya
eigenspace ofHa



Reasons to be interested in CLH

Intermediate class between class between
classical and quantum

Eigenstate up to degeneracies can be

described by eigenvalues for each term

Eigenstates can be highlyentangled

Stabilizer codes are groundstates of commutingHams

Test ground for proving difficultclaims e.g gPcp

Easier case for studying gapped Hamiltonians
can ground States be efficiently represented
or constructed



Speial Cases known to be in NP

2 Local Bravyi Vyalyi

o 3 Local Qubits Qubits Aharonor Eldar
Is NearlyEuclidean

2D qubits Schuch non constructive

Aharonor Kenneth Vigdorovich
Konstuctive

2D qubits I Jiang
Factorized everytermis

Factorized qubits Br a productof operatorson
individual particlesFactorized 2D I Jiang

Is general cut in NP QChat or Quit hard



Br arxiv 0308021E
Thestructualfhman

A acts on Hx HY
B acts on Hy Hz
A dB commute

then Hy Hye

Aa B are invariant on each Hye

Hye Hyna Has

Alya acts on Hx Hya a Blye acts on Hyams Hz



Thestructuallemman Br
A B

00Hy Hye

Aa B are invariant on each Hye

In Hx A A PIG
projector onto

same for B Hyla

A MII D If a solution exists then
there is a solution entirelywithin
one Hy a



Thestructuralfemman
LBV

00
Hye Hyna Has

Alya acts on Hx Hya a Blye acts on Hyams Hz

X Ya Z

000
Alya Biya



Structural Lemma Holds for more than a

commuting terms Y I Ya

A B C all invariant

y
on Ya

Within Ya tensor product
structure

0 O x
w

w z



Stmaturallemmatmplications

For a 2 local commuting Hamiltonian

NP witness consists of the description of a slice

of each particle
Solution within the slices has a tensor product
structure



Particles



Particles

Witness which slice to take for each particle



Particles

Witness which slice to take for each particle

Looking at the chosen slices

Solution is Otensor product
men

08888

span pairsof
particles



iI

t.tt 1
particles at gridvertices particles on edges

age

I

ga p myterms are vertices on

terms



CLH on 2D lattice 4 local

Katt KiXX
particles at gridvertices particles on edges

age
terms are vertices on stage plaquette



CLH on 2D lattice 4 local

Katt KiXX
particles at gridvertices particles on edges

age
terms are vertices on stage plaquette



t.gg fe

the ground stars of
these Hamiltonians will not
have a local structure as

in the 2 local case

Toric code is a special case

Red terms X X X X



cigarette

these Hamiltonians will not

08tf I have a local structure as

in the 2 local case

Tonconde is a special case

Red terms X X X X

Blue terms 2222
a ground state will

have globalentanglement



chaetae

commuting 4 local Hamiltonians

1

we consider gene

on a 2D lattice of qubits



cigarette

commuting 4 local Hamiltonians

1 f
we consider gene

on a 2D lattice of qubits

Checkerboard Pattern

Blue faces
Red feces

Will show cut for this case is in NP Schuch

arXiv 1105.2843



ty nÉÉÉipm amour's
forterm hi

Let B set of blue faces
R set of red faces

This willbe a

PB It Pi Pr Ie Pi non constructive

Want to show Tr PBPr 0



Blue faces overlap on a single qubit

app
Can apply structural lemma

Hq Hain
j

Pi t Pj are invariant on each Hq a

Let Pain be the projector onto Haid

Pi E Paix Pi Pax same for Pj



big

let Vercher of indices for
all the qubits

Pit Th Paa gu Pi Park

PBI ItsPit Prue Piste

Save will hold for the red terms
except that it will be a different direct
sum for each qubit I



Want to show

Eptr I Pit JrPt 70

Thindivichtum is 20

NP proven gives 2 and f for whichtrace o

This witness doesn't necessarily say much

about the ground state



Example Toric Code

Blue terms xxxx I
ypFIRed terms 2222

q

É
Har

sp 0,13N age t on

I It ti t B 10,0 10
Similarly for redterms

Tr It Lt 10N to of
0N for 0 or 1

2 N TO



Back to Geneve 4 local qubit cut in 2D

there are two ways for Hg to be
Mh divided

1 1 way z way
trivial partitionHq Hg s Hq a

Tiny Tim Pi t Pj operate on disjoint
portions of the space

I will project on to
only one acts non trivially on gI dim space



if either Pt R or Pj Pj

Igt commute in a 11,1 way then we
can trace out qubit g

Need to

th

Tr I Pit In PT 0show

P P P Pa only terms operating on g

Also Pga and Pa



Need to
show Tr IBP ftp.t 0

P P P Pa only terms operating on g

Also Pga and Pa

Case 1 P Pa and P Pa are both 11,1

then Pg a 14 241 Pgp 147241g

Paid P Paris 1107241 Lol p p sameforPs

Pgp Pi Pga 147241 44 P 147 sameforPa



Tr 14724147241 Tr does not touchg
Need to
show Tr IBP TEPE O

P P P Pa only terms operating on g

Also Pga and Pa

Case 1 P Pa and P Pa are both 11,1

then Pg a 14 241 Pgp 147241g

Paid P Paris 1107241 Lol p a sameforPa

Pgp Pi Pga 147241 44 P 147 sameforPa



Need to
show Tr It Pit TEPE O

P P P Pa only terms operating on g

Also Pga and Pq

Case 2 IP Pa is 1,1 P Pa is 2

Pa is identity on g

Tr Pga P Paria Pa a PaPg s P i

all other terms Identity on g



Need to
show Tr It Pit IEP 70

P P P Pa only terms operating on g

Also Pga and Pa

Case 2 IP Pa is 1,1 P Pa is 2

Pa is identity on g

Tr Pga P Pga Pa a PaPg a Pgp Pga

all other terms Identity on g 1472410 Id on q J



After tracing those out only left with

Igt

Pi Pal both pairs
commute in

Pi Pi 2 way



Put a dot in the

F
corner if term acts non trivially
on than qubit
Otherwise put an

94 g

111
two terms overlap if they
act non trivially on the same
qubit

Overlapping terms form chains no branching



Cannot have structures like

IIFA
Case analysis using the fact that the following two
structures can't happen If two terms

1 14g
overlap on a single
qubit they cannot
both have a dot at
that qubit



Now just need to determine trace of products

of terms forming chains or cycles

III Trip Pa Ps

III II



OE Structural heme Bot sketch
A Ct Algebra is a Banach algebra with op

For us A L H
closed under o Scalar mull

contains I

The centered cat is the set of all Xett that
with everything in A

If C A at c e 43 lie A has a trivial center

then A L Ha Int H Ha His

O



structural Lama Bot sketch

Lemma If F M E CIA such that MII
then M Exit Tf projects on to Hi

projector ontoeigenspacesofM

and for N e A N is invariant on Ti

Proof idea heed to show Tie CCA

if ME CCA then p MECCA for polynomial p

find Pila such that Pila 1

Pitt 0 jt
PYM Ti

O



structural Lama Bot sketch

Idea Find Me CIA M 4 I

use M to divide up H Hi

if Ala does not have a trivial

center repeat on Alt E L Hi

end up with H Hi

every NEA in variant on Hi
Aly I Hia Hib

I Al has a trivial centerHi Hia His



structural heme Bot sketch

A B

A 4,1441 Aap I

T T I
E Es

Ct algebras I Ax B Bos

If A B commute then I and B commute



structural heme Bot Sketch
Use A to divide YA B

Y Yi

A
4,1441014 Is A invariant on Yi

Aly is L Yin It b
Ct algebras I Axe

Since B commutes with A B is invariant on eachYi

Bly E Ixia L Yin

O



O


