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1 Harper’s Theorem

“Given the size of a set, how small can its boundary be?” For example,
e in R?, circular discs are best;
e in R3, spherical balls are best;
e in S? C R3, ‘circular caps’ are best.

For a fixed graph G and any set A C V(G), the boundary of A is the set
b(A) ={z € V(G) — A:x ~y for some y € A}.

Given |A|, how do we minimize |[b(A)|? An isoperimetric inequality on G is
an inequality of the form

ACV(G),[A[=m = [b(A)| = f(m)

for some function f. Equivalently, we wish to minimize the neighbourhood
N(A) of A, where N(A) = AUD(A).

A good candidate for a set with small boundary is a ball, i.e. a set of the
form B(x,r) ={y € G : d(z,y) < r} where d(z,y) denotes the usual graph
distance (the length of a shortest z-y path).

Let X be a set. A set system on X is a collection A C PX of subsets of
X. Usually we take X = [n] ={1,2,... ,n}. An example of a set system on
Xis XM ={AcCX:|A]=r}.

Make PX into a graph by joining A to B if B = AU {i} for some i ¢ A
(or vice versa). This graph is the discrete cube Q.

If we identify each A € @,, with a 01-sequence of length n (for example, in
()3 we make the identification () +» 000, {1} <> 100, {2,3} <> 011 etc.) then



@, is identified with the unit cube in R”. Then X (the family of all 7-sets)
is just a ‘slice’ through @,

Which sets in @),, have the smallest boundaries? In general, it seems that
balls X5 = B((),r) = XO U XM U... U X" are best. But what if |A] is
not the exact size of a ball?

A little experimentation suggests that if [ X(<")| < |A] < | X(S7)| then it is
best to take A to be X(<") together with an initial segment of the lex order
on X, (The lezicographic or lex or dictionary order on X (") is defined
by: if x = {a1,a9,... ,a,} (a1 < az < -+ < a,) and y = {by,b2,...,b.}
(by < by <---<b)then z < yif a3 < by, or ag = by and ay < by, or ... or
a; =by, a3 =109, ..., a,_1 = b,_1 and a, < b,. Equivalently, x < y if a, < b,
where s = min{¢ : a; # b;}. For example, the lexicographic order on [4]® is
12, 13, 14, 23, 24, 34.)

The simplicial ordering on @, is defined by x < y if |z| < |y| or |z| = |y|
and z < y in lex. For example,

e on Qs 0, 1,2, 3,12, 13, 23, 123

e on Qs: 0, 1,2, 3,4, 5,12, 13, 14, 15, 23, 24, 25, 34, 35, 45, 123, 124,
125, 134, 135, 145, 234, 235, 245, 345, 1234, 1235, 1245, 1345, 2345,
12345.

Theorem 1 (Harper’s theorem). Let A C @, and let C be the first |A|
points of Q,, in the simplicial order. Then |N(A)| > |N(C)|. In particular,

if Al 2 3270 () then IN(A)| = 37170 (5).

Remarks. A Hamming ball is a set A with X< c A ¢ X" for some r. If
we knew A was a Hamming ball then we would be done by Kruskal-Katona
(which says that to minimize the upper shadow 0% A of a family A ¢ X,
where 0t A = {y € XU+D . y D x for some x € A}, take A to be an initial
segment of lex). And, conversely, Theorem 1 implies Kruskal-Katona: given
A C XM apply the theorem to X (<7 U A.

The main idea is that of ‘compressions’. We try to transform A — A’ such
that

o [A'] =]A[;
o [N(A)|] < |N(A)]; and
o A’ looks more like C' than A did.

Ideally, we transform repeatedly A — A" — A” — ... ending up with a
family B so similar to C' that we can see directly that |N(B)| > |N(C)|.



For A C @, and 1 < ¢ < n, the i-sections of A are the set-systems
A, = A(j) and A_ = A% in P(X — i) given by

Ay ={zeP(X —i):zUi€ A}

and
A ={zeP(X —i):ze A}

For example, in Q, the family A = {12,13,23, 124, 134} has A®) = {12,124}
and AP = {1,2,14}.

The i-compression or codimension-1 i-compression of A is the system
Ci(A) C Qn defined by [C;(A)+| = |A4[, [Ci(A)-| = |A_], and C;(A)+ and
C;(A)_ are initial segments of the simplicial order on P(X — i). Note that
|Ci(A)] = |A|. Say A C Q,, is i-compressed if C;(A) = A.

Proof (of Theorem 1). The proof is by induction on n; the case n = 1 is
trivial.

Claim. If A C @), and 1 < ¢ < n then |[N(C;(A4))| < |N(A4)|.
Proof of claim. Write B for C;(A). We have

IN(A)] = [N(A:) UA| + |N(A) U A4

and
IN(B)| = IN(By) UB_| +|N(B_)U B,

Now |B_| = |A_| and |N(By)| < |N(A4)| (by the induction hypothesis).
Also, B_ is an initial segment of the simplicial order. And so is N(By)
(because the neighbourhood of an initial segment of the simplicial order is
itself an initial segment of the simplicial order).

Hence B_ and N(B,) are nested (i.e. one is contained in the other),
and so we have |[N(B;) U B_| < |[N(A+) U A_|. Similarly, we also have
IN(B_)U By| < |N(A_) U A,|. This establishes the Claim.

Define a sequence Ay, Aj, Ay, ... C @, as follows: set Ag = A. Having
defined Ay, Ay, ..., Ag, if Ag is i-compressed for all ¢ then stop the se-
quence with Aj,. Otherwise, there exists ¢ with A not i-compressed; set
Ag+1 = Ci(Ag) and continue. This process must terminate since > ., f(z)
(where f(x) denotes the position of x in the simplicial order on @,) is a
decreasing function of k. Thus we have B C @),, such that

o |B| = Al
o [N(B)| <[N(A)[; and

e B is i-compressed for all i.



So, must a set that is :-compressed for all 2 be an initial segment of the
simplicial order? (If so then we are done, as B = (C.) Unfortunately, the
answer is no; for example, take {0,1,2,12} C Q3. However, if B C @, is
i-compressed for all ¢ and is not an initial segment of the simplicial order
then FITHER n is odd, say n = 2k + 1, and

B=XEPu{12...(k+1)} —{(k+2)(k+3)...2k+ 1)}
OR n is even, say n = 2k, and
B=XPu{lzeX® . 1eXx}u{23.. . (k+1)}—{1(k+2)(k+3)...(2k)}

(by Lemma 2 below).
Having proved Lemma 2, the proof of Theorem 1 will be complete as in
each case it is clear that |[N(B)| > |N(C)|. O

Lemma 2. Let B C Q,, be i-compressed for all i but not an initial segment
of the simplicial order. Then EITHER n is odd, say n =2k + 1, and

B=XEPNu{12...(k+ 1} —{(k+2)(k+3)...2k+1)}
OR n is even, say n = 2k, and
B=XPu{zeX® . 1eXxju{23.. . (k+1)}—{1(k+2)(k+3)...(2k)}.

Proof. As B is not an initial segment of the simplicial order, we have some
r<ywithz g€ Bandy € B. Fix 1 <i <n: can we have ¢ € z and ¢ € y?
No, as B is i-compressed. Similarly, we cannot have ¢ € = and i € y. So
i € xAy for any 7. Thus y = z°.

So for each y € B, at most one x < y has x € B (namely x = y°); and
for each z ¢ B, at most one y > x has y € B (namely y = z¢). Thus
B={z€Q,:z<y}—{x} for some y, where x is the predecessor of y and
x = y°. Which z € @), have x° the successor of 7 If n is odd then z must
be the last point of X (E(=1/2) If n is even then z must be the last point of
X®/2) containing a 1. O

Remark. This proof also proves the Kruskal-Katona theorem directly (if
desired).

For A C @, and t = 0, 1, 2, ..., the t-neighbourhood of A is the set
Agy ={x € Q : d(z,A) < t}. So, for example, Ay is just N(A).

Corollary 3. Let A C @Q,, with |A] > >"'_, (’Z) Then for any t = 0, 1,
2, ..., we have |Ayy)| > S50 (7).

Proof. If |Agy| > S0 (") then [Ayir)| > Z::SH (") by Harper’s Theorem,
so we are done by induction. O]



2 Intersecting Families

Say A C PX is intersecting if for all z, y € A we have x Ny # (). How large
can A be?

We could take A = {x € PX : 1 € z}. This has |A] = 2!, Tt is
impossible to beat this:

Proposition 4. Let A C PX be intersecting. Then |A] < 2" 1.
Proof. For each z € PX, we cannot have both z, ¢ € A. [l

Remark. The extremal system is certainly not unique—for example, if n is
odd we can take {z € PX : |z]| > n/2}.

A better question is: how large can an intersecting A € X be? If r > n/2
we can take the whole of X, If r = n/2 we can take one of x, 2¢ for each
x, giving |A| = (7). So we shall focus on r < n/2. One obvious candidate
is A= {z € X : 1€ z}. For example, in [8] this has order (]) = 21, while
the family {z € [8]* : |[x N {1,2,3}| > 2} has order 1+ (3)(}) = 16 < 2L.

Theorem 5 (Erdés-Ko-Rado theorem). If A € X (r < n/2) is intersect-
ing then |A| < ("7)).

Proof. The condition z Ny # () is equivalent to z ¢ y°. So writing A
for the family {z¢ : # € A}, we have 072" A disjoint from A. Suppose
Al > ("7}), so also |[A] > ("7]). We have |A| > [{z € X1 : 1 € X}|,
so [0FA| > [{z € XU*+D : 1 € X} (by the Kruskal-Katona theorem), and
so, inductively, we get [07("20A| > {z € X" 1 € 2} = (" 1).
Thus inside X ™", which has size ) we have disjoint sets of sizes at least

(71,) and reater than (1)), But' (") + (1)) = () + (1) = (”é

n—r—1 r r
a contradiction.

Remarks. 1. There are many other nice proofs.

2. The largest intersecting family has size (Zj) = %(:‘), the chance that
a random r-set contains 1 is .

We say that A C PX is t-intersecting if |z Ny| > ¢ for all z, y € A. How
large can A be? For example, for t = 2 we could take {z € PX : 1,2 € x}
or {x € PX :|z| >n/2+ 1}.

Theorem 6 (Katona’s t-intersecting theorem). Let A C PX be t-intersecting,
with n +t even. Then |A| < | XE0H)/2)|



Proof. If [xNy| >t then d(x,y°) > t, as there are at least ¢ points which are
in  but not in y°. So letting A = {z°: x € A}, we have that A;_;) and A
are disjoint.

Now, supppose |A| > |XE0+0)/2)| = | X (=(=1/2)| Then, by Harper’s the-
orem, we have [Aq_y| > [XSCHI27D] 0 But then [Af,_,)| > [XE0H02-1],
a contradiction. ]

Remark. The same proof gives that if n + ¢ is odd then

|A| < ‘X(z(n+t+1)/2) U{z e X((nHt=172) .y o z}|.

What happens for r-sets, i.e. for A ¢ X™? In [8]¥, for ¢t = 2, the fam-
ily A = {x € B® : 1,2 € 2} has |A] = () = 15; but the family
B={ze[8|":|zn{1,2,3,4} >3[} has |B| =1+ (3)(}) =17 > 15.
What is sometimes called the Second Erdds-Ko-Rado theorem states that,
for given r and t, if n is sufficiently large then the largest t-intersecting family
in [n]" is {z € [n]™ : [t] C 2}, which has size ("7)).
Write 4, = {z € 0] : |z N[t +2a]| > t+a} for a =0, 1, 2,
3, .... The Frankl conjecture was that if A C X is t-intersecting then
|Al < max{|A,|: @ =0,1,2,...}. This was eventually proved by Ahlswede

and Khachatrian.

3 Covering by Intersecting Families

How many intersecting families do we need to cover PX — {(#)}? In other
words, if PX — {0} = A;UA;U---U A, with each A; an intersecting family,
how small can s be?

We clearly need at least n families (one for each singleton); and, equally
clearly, n families will suffice—for example, take A; = {x € PX : i € z}.

What happens for r-sets? How many intersecting families do we need to
cover X (M?

If » > n/2 then X itself is intersecting. If r = n/2 then we can cover
by two intersecting families: for each x, select one of x and z¢ for A; and the
other for Ay. So we may assume that r < n/2.

We clearly need at least |n/r] as there exist |n/r] disjoint r-sets. More-
over, we need at least [n/r| families, as each intersecting family has at most
r/n of all r-sets.

Can we achieve this? Well, we can achieve n — 2r 4+ 2 as follows: put
Ai={re X" icalforl <i<n—2r+1,and A, g, = [n—2r+2,n|".



Our aim is to prove Kneser’s conjecture, that we need at least n — 2r + 2
intersecting families to cover X (. It turns out that the key tool will be the
Borsuk-Ulam Theorem:

Theorem 7 (Borsuk-Ulam theorem). Let f: S™ — R™ be continuous. Then
there exists x € S™ with f(z) = f(—x).

For example, in the case n = 1, suppose we have a continuous f: S — R.
Put g(z) = f(x) — f(—x). If g(z) > 0 then g(—z) < 0. So if g is not identi-
cally zero then there is some x with g(z) > 0 and then by the Intermediate
Value theorem there is some y with ¢g(y) = 0.

The result for the case n = 2 is not quite intuitively obvious.

Remark. The Borsuk-Ulam theorem trivially implies that there is no contin-
uous injection from S™ to R™, and so in particular R"*! is not homeomorphic
to R™—this is the “Brouwer invariance of domain theorem” and is hard to
prove. (For example, why are R and R* not homeomorphic?)

We say that f: S™ — R" is antipodal if f(—z) = —f(x) for all z.
Theorem 8. The following are equivalent:

1. (i) The Borsuk-Ulam theorem;

2. (i) If f: S™ — R" is an antipodal map then there is some x € S™ with
f(x) =0;

3. (iii) There is no continuous antipodal map f : S™ — S™1.

Proof. (i) = (ii). If f: S™ — R" is antipodal then, by (i), we have
f(z) = f(—x) for some z, whence f(z) =0 (as f(—z) = —f(x)).

(i) = (i). Given a continuous f: S™ — R", define g: S — R" by
g(x) = f(x) — f(—z). Then ¢ is antipodal, so g(x) = 0 for some =z, i.e.
f(z) = f(=x).

(ii) = (iii). If f: S™ — S™ ! then f(z) # 0 for all x € S™.

(iii) = (ii). Suppose f: S™ — R™ is antipodal and continuous with
f(x) #0 for all z € S™. Define g: S* — S™ ! by g(z) = f(z)/||f(x)]

(where ||z|| = /2?2 + 23 + - -+ + 22). Then g is continuous and antipodal, a
contradiction. O
Suppose Ai, As, ..., A, C S™ are closed sets that cover S™ with no A;

containing an antipodal pair {x, —x}. How small can k be?
It is easy to obtain k = n + 2: take A; = {z € S : z; > &} for
1<i<n+1, and A,s2 = {z € 8" : x; < eforalli}. This works if

e < 1/y/n.



Theorem 9. The following are equivalent:

1. (i) The Borsuk-Ulam theorem;

2. (1) If Ay, As, ..., Ay C S™ are closed sets covering S™ then some
A; contains an antipodal pair {x, —x};

3. (ui) If Ay, As, ..., Ay C S™ cover S™ with each A; open or closed
then some A; contains an antipodal pair.

Proof. (i) = (ii). Define f: S™ — R" by
f(z) = (d(x, Ay),d(x, As), ... ,d(z, Ay)).

Then f is continuous so, by (i), there exists x € S™ with d(z, A;) = d(—=z, A;)
for all + with 1 < <mn. If z, —x € A, 1 then we are done. If not, we may
assume without loss of generality that x € A; for some ¢ with 1 < i < n, so
d(z, A;) = 0 whence d(—x, A;) = 0 whence —z € A; (as A; closed).
(ii) = (i). Suppose f: S™ — S™! is continuous and antipodal. Let Aj,
Ay, ..., A4 be closed sets covering S"~! with no A; containing an antipodal
pair. Then f~1(Ay), f71(Az), ..., f1(A,;1) would be closed sets covering
S™ with none containing an antipodal pair, a contradiction.
(iii) = (ii). Trivial.
(i) = (iii). As for (i) = (ii), we get x € S™ with d(z, 4;) = d(—=x, A;)
for all : with 1 < <mn. If z, —x € A, 1 then we are done. If not, we may
assume without loss of generality that x € A; for some ¢ with 1 <i < n, so
d(z, A;) = 0 whence d(—x, A;) = 0.

If A;is closed then —x € A,.

If A; is open then we have {y € S™ : d(x,y) < e} C A; for some ¢ > 0.
But some z with d(z, —z) < € belongs to A; (as d(—z, A;) = 0). O

Remarks. 1. The result of (ii) in Theorem 9 is sometimes called the Lusternik-
Schnirelmann theorem.

2. The result of (iii) looks rather weird and pointless. But in fact it will
be the key for our proof of Kneser’s conjecture. This form is due to Greene,
who discovered the proof of Kneser we give below.

Theorem 10 (Kneser’s conjecture, proved by Lovéasz). Let r < n/2 and let
Ay, Ay, ..., Ay be a collection of intersecting families covering [n]™. Then
d>n—2r+ 2.



Proof. Suppose d = n — 2r + 1. Let x1, 29, ..., x, be points in general
position in S C R (i.e. no d-dimensional subspace through the origin
contains d + 1 of the x;). Identify [n] with {z1,29,... ,2,}. For x € 59,
write H, = {y € S%: (z,y) > 0}. For 1 <i < d, let C; be the set of x € S"
with H, containing an r-set from A;. Let Cyiq = S — (CLUCL U --- U Cy),
so that Cy, is the set of x € S¢ with H, containing at most r — 1 of z,
Zo,. .., T,. Then Cy, Cy, ..., Cy4 are open and Cyyq is closed, so some C;
contains an antipodal pair {z, —z}. We cannot have 1 < i < d since H,
and H_, are disjoint whence A; would contain two disjoint r-sets. Thus

i=d+1,s0 H, UH_, contains at most 2(r — 1) of zy, xs, ..., x,, whence
{y € S%: (x,y) = 0} contains at least n —2(r — 1) =d+1 of zy, o, ..., Ty,
a contradiction. O

The Kneser graph K(n,r) (r < n/2) is the graph on vertex set [n]") with
x joined to y if z Ny = (). For example K (5,2) is the Petersen graph. So an
intersecting family in [n]™ is an independent set in K (n,7). And, for any
graph G, colouring G with k colours is equivalent to partitioning G into k
independent sets. So Theorem 10 can be rephrased as:

Theorem 11. x(K(n,r)) =n —2r + 2.

Note. The chromatic number Yy is large even though there are huge indepen-
dent sets (containing n/r of all vertices).

4 Modular Intersection Theorems

If A C [n]" is intersecting, i.e. [t Ny| # 0 for z, y € A, we know that
|A] < ("Z}). What if, instead, we do not allow |z N y| = 0 modulo some
number?

Say, for example, 7 is odd and A C [n]") has |z Ny| odd for all x, y € A.
We can achieve |A| = (L((Z:II))ZJ) by taking A to consist of all sets containing
1 and (r — 1)/2 of the pairs 23, 45, ... (finishing at (n — 1)n if n is odd and
(n —2)(n — 1) if n is even).

How about 7 odd, A C [n]™ such that |z Nyl is even for all 7, y € A
with  # y? We could take {z € [n]" : 1,2,... ,r — 1 € z}, which has

|A| = n —r+ 1. Amazingly:

Theorem 12. Let r be odd, and let A C [n]™) have |z Ny| even for all x,
y € A with x #vy. Then |A| <n.

Proof. Our main idea is to write down |A| linearly independent points in an
n-dimensional vector space.



View ), as Zj by identifying x € P[n] with z € Z} where

] 1 ifiex
V0 ifiga

For example, if x = {1,3,5} then z = (1,0,1,0,1,0,0,...); this is simply
the usual identification.

For x € A, we have (z,z) = 1 (as |z| is odd). For x, y € A with = # y,
we have (z,y) = 0 (as |z Ny| is even). So the set {z : © € A} is linearly
independent over Z2: if Y zea Az = 0 then, by taking the inner product
with Z, we see that A\, = 0 for each = € A. O

What happens if r is even?

For A C [n]") with |z Ny| even for all z, y € A, we can get A large, for
example |A| = (ngJ) For A C [n]") with |z Ny| odd for all z, y € A with
x # 7, we must have |A| < n + 1, because we may set A’ C [n+ 1]+ to be
{zu{n+1}:2 € A} and apply Theorem 12.

So our conclusion is that to get very small bounds on |A| for A C [n]™
we should forbid |z Ny| = r (mod 2) for x, y € A with z # y. Does this
generalize?

We shall now show that ‘s allowed values for |z N y| modulo p implies

A=< ()"

Theorem 13 (Frankl, Wilson). Let p be a prime. Let A C [n]™ be such that
there exist integers A1, Aa, ..., As (for some s < 1), with no A\; = r (mod
p), for which given any z, y € A with x # y, we have |z Ny| = A; (mod p)
for some i. Then |A] < (%). In particular, if A C [n]") satisfies |x Ny| Z r
(mod p) for all distinct x, y € A, then |A| < (pﬁl).

Remarks. 1. (Z) is a polynomial independent of r.

2. In general, we cannot improve on (Z), for example, we can take
A=[n]®ifr=s1Ifr >s wecantake A = {z € [n]") : 1,2,... ,r — s € z};
this gives [A] = ("77"*), which is very close to (") (for fixed r).

3. If we allow |z Ny| = r (mod p) then there is no polynomial bound:
taking r = a+ A\p (0 < a < p), we can obtain |A| = (L("_)‘f)/pj) (by taking A
to consist of all sets containing the points 1, 2, ..., a together with A of the
blocks [a+1,a+p|, [a+p+1,a+2p], ..., [a+(N—1)p+1,a+ \p]—this
grows with 7.

Proof. We seek a vector space V of dimension at most (7) and |A| linearly
independent vectors in V.

10



For i < j, let N(i,j) be the (7) x (?) matrix, with rows indexed by [n]®
and columns indexed by [n]U), given by

.. 1lifacCy
NG G)ey _{ 0 otherwise
So N(s,r) has (Z) rows. Let V' be their linear span over R. Then we have
dimV < (Z)

Consider N (i,s)N(s,r) for any 0 < i < s. Its rows belong to V. Also,

. ) TCy
(NG )N (3,7))ay = { ( 0 ) otherwise
(as N(i,s)N(s,r) is simply the number of s-sets z with x C z C y). So
N(i,s)N(s,r) = ({_})N(i,r), whence N(i,r) has rows in V.

Now consider M (i) = N(i,7)"N(i,r). It has rows in V. But M (i), is
the number of i-sets z with 2 C x and z C y, i.e. M(i),y, = (sz;yl)‘ ‘So we
can get any polynomial in |z N yl.’

Write the polynomial (X — A;)(X —Xg) -+ (X —A;) as D5 a; (), where
ag, ay, ..., as € Z; this is possible as, for each 1, z‘()f) is monic. Let
M =357 ,a;M(i). All its rows are in V. Then

M. is 0 (mod p) when |[xNy| = \; (mod p) for somei=1,2, ..., s
w # 0 (mod p) otherwise .

Consider the submatrix whose rows and columns are indexed by A. This
submatrix has |A| rows, which are linearly independent over Z, and so are
certainly linearly independent over R. Hence we have |A| linearly indepen-
dent rows of M and so [A] < (7). O

Remark. The theorem fails if p is not prime. Grolmusz constructed, for each
n, a value 7 = 0 (mod 6) and a set system |A| C [n]) such that for any
distinct z, y € A, we have |z Ny| # 0 (mod 6), but with |A| > ncloen/loglogn
(for some c¢). There is a similar construction for any non-prime modulus.

If we have some half-size sets, we expect the intersections to have size around
n/4, but they are very unlikely to have size exactly n/4. Nevertheless:

C.or.ollary 14. Let p be prime m}ld let A C [4p)®) with |x N y| # p for any
distinct x, y € A. Then |A] < 2(p_p1).

Remark. Note that this bound is very small: (7;; L) < 4e7™/32.2m (whereas
(7;;2) ~ (¢/y/n) - 2"). These estimates follow easily from Stirling’s formula,
for example.

11



Proof. By halving the size of A if necessary, we may assume that there is no
pair {z,2¢} C A. Then if z, y € A with 2 # y we have |[x Ny| # 0, p, so
|z Ny| # 0 (mod p), and so [A] < (7). O

p—1

5 Borsuk’s Conjecture

Suppose we have S C R" of diameter d. How many pieces do we need to
break S into so that each piece has diameter strictly less than d?

For example, in R?, taking the vertices of an equilateral triangle shows
that we need at least 3 pieces. Similarly, in R", a regular n-simplex shows
that we need at least n 4 1 pieces.

Borsuk conjectured that n 4 1 pieces suffice.

Borsuk’s conjecture is true for n = 1, 2, 3, and for S smooth, and for S
symmetric. However, it is massively false.

Theorem 15 (Kahn, Kalai). For any n, there is a set S C R™ such that to
partition S into pieces of smaller diameter requires at least cV™ pieces (for
some constant ¢ > 1).

Notes. 1. Our proof will show that Borsuk’s conjecture is false for n around
2000.

2. We shall prove Theorem 15 for n of the form (42” ) for p prime. We are
then done as, for example, for all n there is a prime p with n/2 < p < n.

Proof. We shall construct S C Q,, C R* with S C [n]™ for some 7.

For z, y € [n]™, we have d(z,y)? = 2(r — |z Ny|). So d(x,y) increases
as |z Ny| decreases. So we seek S C [n]("), say with minimum intersection
size k, but such that any subset of S with minimum intersection size greater
than £ is much smaller than S.

Identify [n] with [4p]®—the edges of Kj,, the complete graph on [4p).
For each = € [4p]®?), let G, be the complete bipartite graph on vertex-classes
z, 2¢. Let S = {G, : = € [4p]®} C [n]**). Then |S| = %(gﬁ).

Now, |G, NG| = k*+ (2p—k)?, where k = |z Ny|, which is minimized at
k = p. Thus if we have a piece of S, say {G, : © € A}, of diameter smaller
than the diameter of S, then we cannot have |xNy| = p for any x, y € A. So
Al < (2;12 ,) by Corollary 14. Thus the number of pieces needed is at least

2(y) e 2v/yp

(for some constant c)

(410) — 4.ep/8.924p
p—1
> (P (for some constant ¢ > 1)
> V™ (for some constant ¢’ > 1),
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as required. O

6 Projections

Let A € PX and let Y C X. The projection or trace of A on Y is
AlY ={znY : 2z € A}; thus A|Y C PY—'project A onto the coordinates
corresponding to Y.

In general, if we have upper bounds on some projections |A|Y;|, do we get
upper bounds on |A|?

A brick or box in R™ is a set of the form [a1,b1] X [ag, bs] X -+ X [an, by,]
where a; < b; for all i. A body S C R" is a finite union of bricks. The volume
of S is written |S| or m(95).

Remarks. 1. In fact, everything will go through for a general compact
S CR™
2. A set system A C @, gives a body

S = U[a:l,:pl—l—l] X o, X9 + 1] X+« X [Ty, 2y + 1]
z€A

with |A] = m(S).

For a body S € R" and Y C [n], the projection of S onto the span of
{e; : i € Y} is denoted by Sy. For example, if S C R? then S is the
projection of S onto the x-axis:

S1={z1 € R: (x1,29,23) € S for some x5, x3 € R};
and S, is the projection of S onto the xy-plane:
Sio = {(21,22) € R? : (z1, 19, 23) € S for some 23 € R},

We have that Sy c RIYI,

What bounds on |S| do we get given bounds on some Sy ?

For example, let S be a body in R®. Then trivially |S| < |S;]|S2|]S3| as
S C Sl X Sg X 53. Similarly, |S| < |S12||Sg| as S C 812 X Sg.

What if |Si2| and |S;3| are known? This tells us nothing—for example,
consider S = [0,1/n] x [0,n] x [0, n].

What if |512|, |513‘ and |523| are known?

Proposition 16. Let S be a body in R3. Then |S|* < |S12||S13]]S23]-

13



Remark. We have equality if S is a brick.

For S C R™, the n-sections are the sets S(x) C R"™! for each z € R defined
by

S(X) ={(x1,22,... ,xn1) €R" 2 (21,29, 201, x) € S}.
Proof (of Proposition 16). Consider first the case when each 3-section is a

square, i.e. when S(z) = [0, f(z)] x [0, f(z)]. Then |Sia| = M? where
M = maxger f(2). Also, |Si3] = [Sos| = [ f(z)dz, and |S| = [ f(x)*d.

Thus we want:
(/f(x)2dx)2 < M? (/f(x) dx>2.

But [ f(z)?*de < M [ f(z)dx as f(z) < M for all z, so this indeed holds.
For the general case, define a body 7' C R? by

= [0, VIS@)[] x [0, V/[S(@)]].

Then |T| = |S| and |T12| < |Si2| (as |T12| = max,cr |T(2)]).
Let f(z) = |S(x)1] and g(z) = |S(x)2|. Then

Tos| = [Ts| = / VIS@)de < / Vi@g@) de.

Also, |Si3] = [ f(z)dz and |Sqs| = [ g(x) dz. So we need

(J i) = (f ) (o).

ie. " "
[Viavaa s ([ roa) ( [owar)
which is just the Cauchy-Schwarz inequality. O
We say that sets Y1, Ya, ..., Y, cover [n] if (J;_, ¥; = [n]. They are a

k-uniform cover if each i € [n] belongs to exactly k of the Y. For example,
for n = 3: {1}, {2}, {3} is a l-uniform cover, as is {1}, {2,3}; {1,2}, {1,3},
{2,3} is a 2-uniform cover; {1,2}, {1, 3} is not uniform.

Our aim is to show that if Y7, Y5, ..., Y, form a k-uniform cover then
[SIF < 15wy |- - Sy,

Let C = {Y},Ys,...,Y,} be a k-uniform cover of [r]. Note that C is a
multiset, i.e. repetitions are allowed—for example, {12,12, 3,3} is a 2-uniform
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cover of [3]. Put C_ ={Y;:n € Y;} and C, = {Y; —n:n €Y;} (as usual),
so C_ UCy is a k-uniform cover of [n — 1].

Note that if n € Y then |Sy| = [[S(2)y_n|dz (e.g. if S C R?® then
1S13] = [ |S(z)1|dx), and this holds even if Y = [n]. Also, if n ¢ Y then
|S(x)y| < |Sy| for all z (e.g. |Si2| > |S(2)12] for all ).

In the proof of Proposition 16 we used the Cauchy-Schwarz inequality:

[ros([7) ()"

Here, we’ll need Holder’s inequality:

o= (fr) ()

for (1/p) + (1/q) = 1, whence, iterating, we get

[ itz fis (/|f1|’“)1/k (/Ile’“)l/k--- (/|f1|’“)1/k-

Theorem 17 (Uniform covers theorem). Let S be a body in R™, and let C
be a k-uniform cover of [n|. Then

15]F < H Sy |.

YeC

Proof. The proof is by induction on n; the case n = 1 is trivial.
Given a body S C R" for n > 2, we have

S| = [Is@)ds
< [ IT syl I] ISty do

Y€C+ YeC_
< T isv [ T 18t o
vec. vec,
1/k
< Tisvi IT ([ 1stonlae)
Yec- Yecy
=TT 1svl"* TT 1svual ™
YeC_ YeCy
= T IsvI'"
YeC
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Corollary 18 (Loomis-Whitney theorem). Let S be a body in R™. Then

S < T 1Sl
i=1

Proof. The family [n] — 1, [n] —2, ..., [n] —n is an (n — 1)-uniform cover of

[n]. O
Remark. The case n = 3 of the Loomis-Whitney theorem is Proposition 16.

Corollary 19. Let A C Q,,, and let C be a k-uniform cover of [n]. Then

A" < TT 1AL
YeC

In particular, if C is a uniform cover with |AlY| < 29! for all y € C then
|A| < 2¢m,

Proof. For the first part, consider the body

S = U[xl,fﬂl‘i‘l} X [$2,.I'2—|—1] X X [f]?n,l'n—l—l]
€A

Then m(S) = |A] and m(S|Y) = |A]Y| for all Y.
For the second part, suppose that C is a k-cover. Then

‘A’k < H |AlY| < H clYl — 9¢2yec Yl — ockn
Yec Yec

]

There is a remarkable extesnsion of the uniform covers theorem, called
the ‘Bollobas-Thomason box theorem’. This states that for any body S there
is a box B with |B| = |S| and |By| < |Sy| for all Y. This theorem has no
right to be true. For example, we can then read off all possible projection
theorems—just check them for boxes.

7 Intersecting Families of Graphs
What happens to intersecting families if we have more structure in our ground

set?
One natural example is to take our ground set to be [n]®) the edges of

the complete graph on [n]. There are a total of 2(3) graphs on [n].
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How many graphs can we find such that any two intersect in something
containing P,, the path of length 27 We want to find max |A| subject to

n

G,He A = GNHDP,. Clearly |4]| < (1/2)2(2> (as we cannot have

both G € A and G° € A for any graph G). We can get |A| ~ (1/2)2(3) by
fixing x € [n] and taking

A={G o) = T +1};

e (-5

Similarly, we can get |A| ~ (1/2)2(3) for G N H containing a star.

this has

Conjecture 20. I[f GGH €¢ A = G N H contains a triangle, then
1A < (1/8)20).

Note that we can obtain |A| = (1/8)2@) by taking A to consist of all
graphs G which contain some fixed triangle.

Theorem 21. Let A C P ([n]®) be such that if G, H € A then GNH
contains a triangle. Then |A| < (1/4)2(75)

Proof. We want |A| < 2(3)-2 = 2(3)(1_2/(721)), so it is enough to find a uniform
cover C of [n]® such that for all Y € C we have |[ANY]| < 291 where
c=1—4/(n(n—-1)).

For n even, take all Y of the form B® U (B°)® with |B| = |A|/2. This
is clearly a uniform cover. Now for any such Y, G N H is not bipartite and
so G and H meet on Y. Thus A]Y is intersecting, whence

IA]Y] < (1/2)2Y] = 22(%8%)=1 = 92("*) (1-1/(2("%)))

Y

so we need ] 4
- <1-—=
207 <)
For n odd, we do the same thing but with |B| = (n — 1)/2. O

This conjecture was eventually proved by Ellis, Filmus and Friedgut.
The interest of the above result is that we bound the size of the family

away from (1/ 2)2(3) . Let us call a fixed graph F' common if there is a family
A of graphs on n vertices such that for any G and H in A the intersection
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G N H contains a copy of F, and the size of A is (1/2 — 0(1))2(3). Thus the
above result states that a triangle is not common.

It is not hard to see that any star is common (as mentioned above), and
also that any disjoint union of stars is common. Alon’s common graphs
conjecture asserts that these are the only common graphs. Now, it is easy
to check that any graph that is not a disjoint union of stars contains either
a triangle or a path Pj3 of length 3. Hence Alon’s common graphs conjecture
boils down exactly to the question of whether or not P3 is common!

Interestingly, it is known that the greatest size of a family of graphs with
any two having intersection containing a Pj is not obtained by taking all
graphs that contain a fixed copy of P;. This would give density 1/8, but
Christofides constructed an example of density 17/128.
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