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Philosophy: (Ulam). Is every
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Lots of interesting math
problems.
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From Ulam’s anecdotal

Speaking of “epsilons,” I want to mention a number of little amusements I have
indulged in over the years concerning what I call “epsilon stability,” not just of
equations and their solutions, but more generally of mathematical properties.

As an example of this “epsilon stability,” consider the simple functional equation:
fix+y) =f(x)+f(y), i.e., the equation defining the automorphism of the group
of real numbers under addition. The “epsilonic” analogue of this equation is
lg(x+y) — g(x) —g(y)| < €. The question is then: Is the solution g necessarily near
some solution f of the strictly linear equation? As D. Hyers and I showed, the answer
is yes. In fact, |g —f| < €, with the same epsilon as above. This is not a very deep
theorem. What about the more general case? Suppose I have a group for which I
replace the group operation by one that is “close” to it in some appropriate sense.
This of course requires a notion of distance in a group. The result of the replacement
is an “almost endomorphism.” Then we may ask: Is it of necessity “near” a strict
endomorphism? The answer is not known in general, even for compact groups.
Recently, D. Cenzer obtained an approximation result for some easy groups, e.g.,
the group of rotations on a circle.

In the same spirit, we may take the idea of a transformation which is an isometry,
a transformation which preserves distances. What about transformations which do
not exactly preserve distances but change them by very little, i.e., at most by a given
€ > 07? Suppose I have a transformation of a Banach space or some space which
transforms into itself, and where every distance is changed by less than a fixed €. Is
such a transformation “near” one which is a true isometry? Hyers and I proved, in
a series of short papers, that this is true for Euclidean space, for Hilbert space, for
the C space, and so forth. If you have such a transformation, it must then be within
a fixed multiple of a strictly true isometry.

Recently I became more ambitious and looked at some other mathematical
statements from this point of view. One could try to “epsilonize” in this sense
theorems on projective geometry, on conics, and so on. More generally, take as

history of the Scoltish Boolk,




an example some famous theorem like the theorem on functions with an algebraic
addition. It is a well-known statement that the only functions which satisfy an
algebraic addition theorem are, in addition to sine, cosine and elementary functions,
the elliptic functions. One could ask (perhaps this question is not yet properly
formulated): Is it true that a function which “almost” satisfies an algebraic addition
theorem must be “almost” an elliptic function?

And in a similar vein: If we have a function which is differentiable, let us say five
times, and its derivative vanishes and changes sign at a point, then any sufficiently
differentiable function which is sufficiently close, in the sense of absolute value
alone, must also have a vanishing fifth derivative at a nearby point. This is almost
trivial to prove, though at first it seems false. Why is this true? Because the fifth
derivative can be obtained by finite differences. This is all very nice and easy for
functions of one variable. For functions of several variables the analog becomes
interesting and not too well-known or established. The same is true, mutatis
mutandis, for spaces of infinitely many dimensions, and is of possible interest to
physicists as a general “stability” property.
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2. The Main Result. Fix once and for all an integer n > 7 and let w,, = 2™/,
Voiculescu’s unitaries are defined by

0 1 Wn
x 10 Y wy
= 10 and Q, = Wn
= . 1 0 Y ) "
A few trivial and well known facts we shall need are in orde
4 Q

a) ||QnSn - SnQn” = |1 - wn|
b) det(2,) = det(S,) = (—1)”Jrl
c) Sn Sy =w, ),

By (a) we have that for n large, Q, and S,, are in fact almost commuting,.

THEOREM. If X and Y are commuting n X n complex matrices then

maX{HX -l 1Y — Sn||} >\2—=]1—wy|—1.

PROOF.  Let X and Y be commuting nxn matrices and let d = max{ || X —Q,|, |V —

Sn||}. Assume by way of contradiction that d < /2 — [1 — wy,| — 1.
For every t in [0, 1] let A; = Q, +t(X — Q,) and By = S, + t(Y — S;,) and define 7,
to be the closed complex curve given by

A-l’ L_(!P B4, Q. Ye(r) = det((1 —r)A: By +rBiAy), r € [0,1].

B+ I B 4 B —

For t = 1 we have that A; and B; commute so 7; is a constant curve. On the other
hand for ¢t = 0 we have A; = ,, and B; = .5,, hence

Yo(r) = det((l —7r)Q, S, + rSnQn) = det((l —r)Q, + rSnQnS;;) det(S,,) =

(—1)n+1det((1 — 7)), + rann) = (=)™ 1 =7 +r@,)" det(Q,) = (1 — r 4+ 7T,)".

Note that as r goes from 0 to 1, (1 — r + rw,,) moves along the segment joining 1 to

Wy, in the complex plane. It follows that 7o (r) is never zero and that it winds around Jero
“Trockwise once.

Now, since the winding number is a homotopy invariant of closed curves in the complex
plane with the origin removed we shall arrive at a contradiction as soon as we prove that
~¢(r) is never zero. Equivalently it suffices to show that (1 —r)A;B; + rB;A; is invertible
for all t and r which we do next by proving that the latter matrix is at a distance less than
one from the unitary matrix €2,,5,,.

We have
||(1 — T)AtBt -+ TBtAt — QnSnH S (1 — T)”AtBt — QnSnH + THBtAt — QnSnH S

2



(1= ) (| 4By — AuSpl + [ ArSn — QS+
r(1B:Ar = SpAdll + S0 Ar = SnQnl + 15220 — QnSn])) <
(1 =) (1Al B = Sull + [ A¢ = ul[|Snll) +
r(1Be = SullllAell + 1Sullll A = Qnll +[1 — wy]) <
I-r)(1+d)d+d)+r(dl+d) +d+]1—w,l|) =
(I+d)d+d+r]l—w,| <d®+2d+ 1 —w,l

Now, since d < /2 — |1 — w,| — 1 we have

d?>+2d+ 1 —wy,| <1

O

We do not claim that our estimate is optimal. For example, estimating ||(1—7)A; B+

rBi Ay — Q,S,|| for r < 1/2 and replacing 2,,S,, by 5,2, in a similar estimate for » > 1/2
we can prove that d > /2 — [1 —w,[/2 — 1.

1.

2.
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