Quantum query complexity

Lecture 5

Algorithmic dual to the adversary method

Materials: https://yassine-hamoudi.github.io/pcmi2023/



Focus of this lecture

* The adversary method can be formulated as a semidefinite
program (SDP)

* The dual of that SDP can be transformed into an algorithm

* This implies that the adversary method is always optimal



Dual SDP



We saw In the last lecture that:

O(f) = Adv(f)/40

o I
v(f) = max
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st. I, =1, Vx,y

Fx,y =0 Vx,y, f(x) = f(y)
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O(f) = Adv(f)/40

Rewrite the optimization problem:

Adv(f) = max— Adv(f) = max ||
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O(f) = Adv(f)/40

Rewrite the optimization problem:

[
Adv(f) = max¢ AdV(f) — maxe€
' MaXj<i<y ”Fl” I'e

st. Tl <e [T <1 Vi

st. I, =1, Vx,y
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Fx,y =0 Vx,y, f(x) =f(y) Fx,y =0 Vx,y, f(x) = f(y)
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O(f) > Adv(f)/40

Rewrite the optimization problem:
Semidefinite program

[
Adv(f) = max—H |
[ MdX <<y ”Fz” I'e

St —eld<I'<eld
S.t. Ly =1 Vay ~1d <T;<1d Vi

Fx,y =0 Vi, Vs f(X) Zf(Y) FX,y — Fy,x ‘v’x,y
[, =0 Vx,y, flx) =f(y)
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O(f) = Adv(f)/40

Strong duality
Primal SDP —e Dual SDP

_ IT min max Y VO
AdV(f) — MaX————"—— (1) (n) n XX
[ max|<<, |1}l VLV x0T
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O(f) = Adv(f)/40

Dual SDP

Adv(f) = min max Z V(’) PSD (positive semidefinite) constraint
v V™ xe{0,1)"

1<i<n V>0& (w|VIw)>0 Vwe C*

() — " n
Z any o lf(X)#(y) VX, y, S Elw(l), ...,w(z) e C? such that
X FY,

. V., =({(wP|w Vx,
VO >0 V1i<i<n oy = Iy V03

VO e C2%2" V] <i<n (Gram matrix)




O(f) = Adv(f)/40

Dual SDP Alternative formulation

Adv(f) = min  max V(’) Adv(f) = min max w02
/ v v xe{0,1)" Z / (W) xe{0,1}" Z

1<i<n

) — (X0) | 14, (D) —
Z VJEZ; — lf(x)#(y) VX, Y, S.1. Z (W W) = lf(x);éf(y) VX, y

1<i<n

X FY; LXFY;
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Algorithm



Dual SDP

Adv(f) = min max Z [wD]|2

(x,1) 117
(w71 xe{0,1} | <i<n

wt) e C* Vxe {0,111 <i<n

Theorem: Any feasible solution {w*)} i €an be converted into a quantum

algorithm computing f with O(max Z \\w(x’i)\\z) queries.

1<i<n

Corollary: O(f) = O(Adv(f))



Angle detection algorithm

Given an integer 7 > 1 and (controlled) “black-box” access to U that is either

(1 0 [ cos(n/T) —sin(z/T) \
\ 0 1 \ sin(z/T) cos(n/T) |
ldentity Rotation by an angle z/T

Then we can find which is the case by computing

|0)|0) if identity
(H® Id)c-U'(H®1d)|0)|0) =
[1)10)  if Rot(z/T)



Angle detection algorithm

Given an integer 7 > 1 and (controlled) “black-box” access to U that is either

™ e
[ — 1 0) o [ — [ cos(n/T) —sin(x/T)

\ 0 1 \ sin(z/T) cos(n/T) |

flx) =1 fx) =0

Then we can find which is the case by computing

|0)|0) if identity
(H® Id)c-U'(H®1d)|0)|0) =
[1)10)  if Rot(z/T)

I quantum queries



Angle detection algorithm

Given an integer 7' > 1 and (controlled) “black-box” access to U that is either

[ - (1 0 or [ — [ cos(p) —sin(p)
\ 0 1/ \ sin(g)  cos(¢) |
ldentity Rotation by an angle ¢ > n/T

Then we can find which is the case by time-O(7") quantum phase estimation:

lev) | 0) if identity

QPE, |ev)|0) =
. \ev) if Rot(¢)
£ 0



Jordan’s lemma

We will apply the angle detection algorithm to a larger space and to a product
U = 211 — Id)(2A — 1d)

for some projectors 11, A .

Jordan’s lemma tells us that any such unitary can be block-diagonalized as:

() \
Blocks of
W rotations

cos(6,) —sin(6,)
sin(6,) cos(6,)

cos(f;) —sin(6,)
sin(@;) cos(0,)




Adv(f) = min max o | Fix any feasible solution {w(x”)}x,i and

(i) [ Oy — | |
St 2, WOTIWOD) = Ty Yy et its value be 7= max, Z w02
wh) e C? Vxe {0,111 <i<n :

Hilbert space: H = | *)Uspan{\i,b)@) w1 <i<nbe{0,l1},|w)e Czn}

1 . .
Vectors: | 1) = \*)+\/72.|i,x,-)®|w(x’l)) and |7;) = |*>—\/3TZ.U,3@>®\W(X’Z)>
37 1 l

Projectors: [T, = | & ){( % | + Z |7, x)(i,x,| ®Id and A = Proj(spany{ \t;“) : f(y) = 1})

Product of reflections: U, = (211, — Id)(2A — Id)

Let P, be the projector onto the eigenspaces of U with eigenvalues e’ |p| <6

Lemma: If f(x) = 1 then | x ) = P,| % ) + |err,) where ||err,||* < 1/3

Lemma: If f(x) = Othen | % ) = (Id — P,,7) | *x ) + | erry) where HerrOH2 < 1/3




Learning graphs



Subgraph of the power set graph over { 1,...,n}

Weights m, > 0

Pax { 194}
Each x ef—l(l) has a 1-certificate (1 /m4' \ (1.3.4)
contained in some node ., \ s
1.x

1,3}
Unit flow p, . with source J \
€,X ] P2 x {19293}
. . 1 1y e — .13}
isvalidforx € (1) ifits m;
inks are 1-certificates f \ 1231
sinks are 1-certificates for x N \

. {2,3,4}
Complexity: 1/ MM, 14 T (3 4}/

VAN
: 2
Zeme ngljal}((l) Vallgliglow Zepe,x/me Theorem: Q(f) — 0( \/ M()Ml)



Z \/m(S,Su{i}) B xS> |ff(X) — ()

edge (S,SU{i})

(D) —
W = P(s.su(i}) .
2 S,xg) i f(x) =1

edge (S,SU{i}) \/ My(s,su{i})

If f(x) £ f(y):




Learning graph for collision finding

x=(xy,...,x,) € [n]"is 1-to-1 or 2-to-1

My~ n
{1,...,n1/3,n1/3+ 1}
(1,....n"3 n"3 42}
Lol L 1 1 1/3
@nml n2/3{1,2}n2/3{1,2,3}___. nTB{l,...,n |

Flow when X is 2-to-1 (i.e. f(x) = 1):

- collision among X, ..., X, 113 — flow | on any last edge



Learning graph for collision finding

x=(xy,...,x,) € [n]"is 1-to-1 or 2-to-1
My~ n

M, ~ 1/n'? (1,...,n'5 n!5 + 1)
1/n'?

= 0(f) = 0(n'") : (1,...,n'""°,n'"" + 2}

0
Leolal a3 L as A

2203 203 1,2/3 1,2/3 1 /13
1
(1,....,n'"3
Flow when X is 2-to-1 (i.e. f(x) = 1):
- collision among X, ..., X, 113 — flow | on any edge

- no collision among X, ..., X135 — flow 1/n'"° on edges with collision



Simplifying the dual

Adv(f) = min » max DI 017
(f) max max D Iwed) max D Iwed

(W& xe{0,11”

1<i<n 1<i<n

s.t. -
(059 [60) = Ly e Ty
2 (W wed) = 1, Y =1 Va0 # A)

LXFY;

wt) e C* Vxe {0,1}1<i<n




