PCMI GRADUATE SUMMER SCHOOL 2023 Quantum Information Theory

SHEET 5

1 Entangled strategy for a classical channel

Define the classical channel {W (y|z)zex yey} With X = {1,2,3,4} and Y = (“g) is the subsets of X" of size 2.
We let W (y|x) = % if z € y and 0 otherwise. Show that psyc.(W,2) = %. Give a quantum strategy that beats this
value. Hint: You might want to take the shared state to be 3 S>1 1 ]i) @ |i) and the encoding POVMs of the form

0 —1-11
E(x|0) = |z)Xz| and E(z|1) = Ulx)z|U* where U = % (_1% (1)1 (1) i) .

2 Analyzing the greedy algorithm for submodular functions

1. (Maximization of submodular functions)
A function f : 2% — R, taking as input a subset S C X that has the following property.

fSUT)+ f(SNT) < f(S) + f(T). (D
It is said to be monotone if f(S) < f(T') whenever S C T.
(a) Show that an equivalent definition for submodular function is that f(T'U {j}) — f(T) < f(SU{j}) —

f(S) forany S C T and any j € X — T'. This can be interpreted as a “diminishing returns” property.

(b) (Remark: this question is independent of the other questions) Let Z1, ..., Z, be a family of random
variables. For a subset S C {1,...,n}, let Zg be the collection of random variables {Z; },c5. Show
that f(S) = H(Zg) is a submodular and monotone function.

(¢) Let f be a submodular, monotone and nonnegative function and consider the following optimization
problem maxgcy gj=n f(S). Let S* of size M be such that f(S*) = maxgcy sj=n f(5).
Computing such an S* is computationally hard in general. But there is a natural greedy algorithm
for this problem: start with Sy = (), then choose S;11 = S; U argmax{f(S; U {j}) : j € X — S;}.
Show that (%) < £(S;) + M(f(Si11) — £(S)).

(d) Prove that £(S*) — f(Sis1) < (1= 37)(F(S*) = f(S0).

. . . . 1 .
(e) Conclude that the greedy algorithm gives a approximation factor of 1 — < for this problem.

2. (Channel coding as a submodular optimization problem) Let psucc(WW, M) be the largest average success
probability of a code for M messages:

1
wee (W, M) = — ), 12
Ds cc( ) ng{’r,l\aé}\(SM MfW( ) (12)

where fi (C) = oM, max,ec W (y|z).

(a) Show that fyy is submodular and monotone.
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