
 

Distance measures between states

Def The trace distance between two states
e and o in SCA is defined by

Ace 5 L leH_ Tle d

dit dieigenvalues of e r

Rk DGe 0 D er Hellstalls L

Invariant under unitary
A Meat Uru Acer

For
E Iai P a lax al

r Q a laxal

Ale r EEalPlaacay
calledtotal variation distance between P andQ

Data processing importantproperty for any
distance measure

E quantum channel

ACE e ECD ACE o



Operational interpretation distinguishing states

Hypotheses System A is either in

Ho
go Hs p

Question Minimum probability of error

Strategy given by a POVM Eo Es
He

Prior Ho withprobability 42
H withprobability 42

Error probably
ftp.t lEgfI.e

butwe wronglysayH
butwronglysayHo

Type I error Type I error

Often HoandH playasymetricrole

Proposition The minimum error probably over all possible

strategies is
12 ID foil

Rk Hypothesis testing can also be considered
in different regimes eg fix Type I errors E and

minimize Type II error



Def The hypothesis testing titty b
parameter E Elo D is defined by

Dice r max

Of E e I IF TED
THEe I E
V E corresponds to Eo

Rk DEAD ELord EE I E I E

2 DIEN is the minimum Type II error
if Type I error EE

For E 1 DIG110 re forinteresting

For E O Dilello logTn Ter
where Te projector onto thesupportofe

Ii llixeil where f I di leix lilisdi to
9
eigendecomposition

For
e r D elle loge e

O if E small
For cand r hang orthogonal support i.e er 0

Dilello x



Further remarks about DICello
In general no closed form expression but

OYEZ I Er subject to Tn Ee l E

is a convex optimization program more specifically
it is a semi definite program
can be computed efficiently for small

dimension

Classical case e ZIPA lax 4
r I QG laxal

VEX

A natural test

For samplese computePeng
If I output P

If s 1 output Q
hike blood ratio

Prop Di satisfies tu data processing inequality

i e for any quantum
channel E we have

Dri Ece 11 Ecr e DE ell r

Proof Very intuitive If I have a strategy to distinguish

Ece from Ecr can distinguish e and t byfirstapplying E
then At strategy



Lt E be such that

DEKE e 11Eco log I EEE and ICE Ecelate

Not that LCH is itself a Hilbertspan with inner

product S T T ST
So E E L LHD has an adjoint denoted E it
satisfies

ICE EGD ICE EGD TREES
Ei Hermitian

and ICE ECE Tr ETE e
Fact E completely positive completely positive

E Aaa preserving E is unital i.e

ECI I

As a result ECE satisfies

0 40 ECE ECI I

and it is a feasible solution for the programfor DECe Ilr
So Ece 11EG e Dri ello es



Special stateof interest
n ooh

with n e

Th Quantum Stein Lemma
Lt E ECO D and e r E SCA

Then

time IDE Ello D Cello
9

Thequantum relative
entropy

Def For ÉÉ5cÉÉÉÉsÉYw an aft
dimensional Hilbert space the quantum relativeentropy
is defined by supple Spangled di 03

if e Eddilentil

Hello fledge logos if
supple le supper

re else

Rk loge I logdi leix lil for EI dileixed
di 0Classical case ne e and o

commute

e IP a lax al r IQ G taxa

DGM I PG logPIE
teenkopy or Kullback Leiblerdivergence



py g

quantum relative entropy can be seen as a noncommutative

generalization of KL divergence there are others as well

Th Properties of the quantum relativeentropy
We have D ell r 0 for e r E SCA
with equality eff e r

Data
processing for

D for a quantum channel E

DCECellECD DCello

Willprove this later

D can be used to define the von Neumann entropy

Def For a stat LAB
E SCA B we define

H A EID Cal IA Recall Ca Treas
entropy

sign
I notnormalized

HCA B
e

D LABI IAB von Neumann
entropies

conditional
entropy

I A B
e

D CABACARB
mutual

information



Proof of Stein lemma
Recall statement

next fr DCello

Achievability have to give a strategy

Let us start with the case where e and o commute

e IPG taxa QCD laxal

f g.in G4 PGn kxaixo olxnxanl

8 fi a Q a Maio taxan

Will define a test for this hypothesis testing problem

Given Xi Xu
Compute R P Xi PC P xD

QEDQED QED will let 8 30 at

If I log R z Dcpya g f
80 is a parameter

the end

Return Samples from P

Else Return SamplesfromQ
In quantum

notation corresponds to

E I 12 an X2 and

it clearly ni an PG Penn
QED Q ay

32m
DCPQ o

dependson n



Analysis of this test

If samples are from R Hypothesis 0

Ex p Ily R DCP1107 83 GREED

III logPEI DCPIQ S

But IELIogPEI I PG logPII D Pla

So by the lawoflarge numbers

1

TheconstraintTreen 1 E satisfied for large enough n

If samples are frm Q Hypothesis 1

I a

X Xang
a log R DellaB EIGG ay

11 I PEI 21107 8

T Erin I QQ Q a
I Ah

QED Qun In
Pla S
PG PG

2
DCPHQ D

In Pla D II
PGD PG



So

log Tn Eon n DCPIQ 8

and IDE f 118 DCPHQ S
for largeenough n

Works for any d 0 so we have

him IDE endrin DCP HQ

Consideredgeneral case e r not commuting

Pinching general technique to reducegeneral case to commuting

given r Eight let P S IT SIT

Two importantproperties PLS commutes with o

o e 30 Pole ftp.cryemd.br eigurabs

Dice 110 Di Pete Etr
D Boney110

x I
commute

Common eigenbasis comsponds to
distributions D eigenvaluesofPoo et

Q eigenvaluesof on

Di Pro e 118 Di RHQ
Wehave fi 1 1 1107 DCI 11Q



As a result

InDHRon e A 7 In 1DE 1 1109

me IDLE IQ

ID Ron e 118
Now use Prion e 3 steering É
Elementsin specCon are of the form II di wit diespecco
But specCo e d fdmA
So Ispec o end

d t eacheigenvalue appears a

numberoftimes betweenOand n

Ponce o Tr Pro e ly Pro e Po e yo
Tr eBayPoon e en ly 8

exonbyPrinceton flag.tn
by i operatormonotone Ten by f Elyon glspectt
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Note that DfE 118 nD ell r

Indeed if e Ii dalaxal for a basis in

f Intdada data anXa at

loge I É logdi in mxn nnl
K Nn 1 1

If Iai xoIAF geaIIAi.t Fan

Converse
Will only prove quantum
Iso Is In Dice non Day

9 S
The statement is that it holds forany EE Con

Let E be such that Tr Een t e

We apply the data
processing inequalityfor the

quantum channel

E LCA LG
T I oxo Tr Et

Hal TCI E T

ECE loxolt Een hat 1 Treen

E Hn loxol Tr EY MXN I I CEE



We have on one side

Donlon nd Cello
But

DCE 11 755 8811Econ
Thee lgIÉEg G needGFI.EEon

7 1 Tn Eg login Erin
t elementary inequalities

So login EAD e mDGf É s ndCello l
A E

IDE Ello s Della
n e

t F n

letting more then E o we getthe desired result as

Rk Di is called a one shot entropy
measure as it has an operational interpretation for
any

state Many others Hmh Cryptography

worstcase entropy

The usual relative entropy D
and corresponding von

Neumann
entropyH

only has an operational interpretation in

an iid independentidenticallydistributed

or average setting


