



































































































































QUANTUM INFORMATION THEORY

S E W D 5

Noisychannels decoding
encoding quantum

WANT 5 5 with high probability

maximize bits or qubits in S

Objective Understand fundamental limits

Plan States channels

State discrimination Stein's lemma

Data processing for the quantum relative entropy
Also called strong subaddivintyof von

Neumann entropy

Classical communication over quantum channels

Shannon channel coding will be a special case

Quantum communication over quantum
channels



Finite dimensional Hilbert space ZL
u VE ZL up inner product
d EA cu do day vs

edu no I n o

t complex conjugate

Linear operators ZI ZI L 71,74
LCH A L H

For an operator SEL 71,71 the adjoint S is

defined by LCED
cu Su Su u for all MEH WEH

Important classes of operators SELCH
S is unitary if 55 55 I identityS is Hermitian if 5 5

S is positive we write SE Pos A if578 Sis Hermitian and ca Su 2,0 for all melt
S is an orthogonal projection if 55 5
such an S is positive

Bra ket notation

We identify u E H with ME LCE 71
defined by In A H

d is d u
het

The adjoint Int E LCH 4 is devoted É



ul H I

Ots Cee v7

We have ill he E LCE Q identified with Q
he v7

will denote inner product by cello
IN MI EL H
Ex ei is a basis of H then

I orthonomal
then I I leixeil

Rk We will often use shorthand Ii for lee
1a for ten

Spectral decomposition
For any

Hermitian SEL H there

exists an orthonormal basis of 71 ei at

S É dileixeil
with di ER
In other words S written in ONB ei

is diagonal s 8
Him



S is positive iff di 0 to

For f R G

f s If di liked

Tensor products

Multiple systems A B C X Y

Hilbertspan Ha Btec
Hilbertspacefor joint system Ha071
vector space spanned by not

bilinear

for UEHa NEH
inner product Cukor luxor chin N'in

and linear extension

For SEL CHA FIL TE Lala Ali define Sot
SOT un G TN and linear extension

In HD



Span SOT

We identify Lattin and Lamotta that
In particular a 107 luxor fixed

onbasis

Trs Ite See

Def A density operator e on H is atnormalized
positive operator on H ie e EPos 7 and Tf1

The setofdensity operators is denoted 5671
e is said to be pure if rank e 1

CE HKT Ynet

C dnt I maximally mixed

Density operator formalism

If a system is representedby a vector 14 e.g so ten

Then the density operator e representing this system is

given by e I txt l

eg p Tip in the basis ions

Composition Stateof a composite system is given
by density operators on FlaxHps if individualstate spaces are Ha and HB



Prepare
ya on system A and independently fB on B goers

Notation Ha A

for short we call the Hilbertspace A

Evolution Isolated evolution of a subsystem A
corresponds to a unitary on A For a stat

fab on composite system A B with evolution

on A given by Ua and the B systemunchanged

CAB MCA IB LABCÉOIB

Measurement A measurement on subsystem A is

defined by operators Mnf ex for some set X
Ma EL A satisfying EE MIMn I

Probof outcome se pet MaxIB ABM B

Check Ii pay Ii Tn MÉMnxIeaB T ears 1

TRIST Tr TS
Postmeasurement state conditioned on N

CAB n Mn B CABMixID
PG



Special case projective measurement

Youmightbe used to special case

Ma Pa with Pa projector ie PI Pa Pi
coming from the spectral decompositionof

observableO

O fi x Pa
A general measurementcan model e.g a unitaryfollowed

by a projective measurement Ma followedbyPutney

PG TUCKVAIN CABCAB ID

Tn Te

Special case POVM measurement

Often we are notinterested in postmeasurementstate
but only in the probability distribution ploy

PG I no IB CAB MEIR
Tn MiMn FB AB

We let En MaMa
I only need to know En to determine
pen and not Mn



Def A positive operatorvalued measure POUM on A

is a family Eat ex of posture operators on A such

that EexEn Ia
Probability of outcome n Tn Ene

Quantum channels

General way of describing
evolution of stateof

a system
The Hilbertspace can change A B forgeta system

add a particle

E should map SCA to SCB

Def A quantumchannel E is a linear map from
LCA to L B satisfying Ips convex combinations

EGeoteple pEe tepee
Completely positive

For any
Hilbert space R

e E Pos AOR COIR e EPOS BOR

1
Identity on LCR superoperator

Trace preserving
For TELLA TrECT ICT



Remark
Why complete positivity and notjustpositivity

A positive map E For any EPos A E e Epos B

It turns out that positivity of a map is not stableunder
tensor product ie
F E F positive map E LCA CB F LCA LCE
such that Exo F defined by

GOF SOT ECS FCT
is not positive

Clearly if p Epos A r E Pos A then

GoF ear E Pos BoB

So F Sep AA E SC BoB
where Sep A A env e or ESA

t separable state
r ES B

F e canfail tobepositive for e ES AA Sep AA

Typical example showing positivity
is not stable

E Transpose map

F identity map
Complete positivity is stable under tensorproduct



I 1 t 1
Ex E LCA LCA U unitary M A

ECT UTU
Completely positive

for art ELCA

Etr e XIPHOID O

Lav Idea In vs
UI In V e WEIRD 30

More generally a map

ECT STS for all T
is completely positive

Trace
preserving I UTU TOUT IN

Partial how map

fab
E SCA B state of a composystem

What is the state of system A on its own

Should be a valid quantum channel
corresponds to forgetting B

Try LCA B LCA

T to I IncbDT tax lbs
where lbs forms a basisof B



Not that TB LEADTrapfrom LB Q
identity LCA LCA

TB Ea B CaTher La if eBESCB

Ty plays the role of taking themarginal distribution

of a jointdistribution la onBofA

fab I Pla b lax al bxb lbs onBofB

then Ca Trp lab Iif Pla b laxal
Check Complete ositivity Tt IaxocbDT Iamb is CP

Sum of CP is CP
Trace

preserving IT I Cbl T I 0lb It IxolbxbIT
Tr T

Measurements

Misaex I MaMa Ia
Wantthe outputofthe channel to contain

both

the outcome n and the postmeasurementstate
stateInput A Output X At

postmeasuremer

holds outcome dimX141
fixed basis IN nex



M LCA LGA
T

Extgatiittona
Check CP mxxlxoMnTMÉ KxM T GNOME

YEA TEA A

Same argument

Tran
preserving Ian

t
E'Mima

ICI mama TMI FEITIMEMnt ITE
Tn SOT ICS ICT

Can check that this models the measurement

MG I I MagMilaxal Maad
NEX Tranent

probofoutcome n Foskmeasemmar

state conditioned one

Rk Such a state is called a classical quantum state
i e of the form

Exa Ex Ray sexy
castrati

ins fixed basis ya density operator



Representation of a quantum channel

3ways of representing a quantum channel

Choi one operator in LCA B
Kraus a listof operators in LCA B
Stine

spring
an operator in LCA B E newspanto be

defined

The Choi operator Fix a basis of A laJa er F A

JEB II laxateEClaxalf EL CA B

Eat E E
unnormalized maximally entangled stateRt Weoftenjustwrite A insteadofF

Ex E I identity channel BEA
JE É Ia laaka a'l
E T B G

JE IA
ECS Tr S a Constant output

JEE laxation laxalt IA X



Does JE capture everything about E
Choi Jamiolkowski isomorphism L LCA LB LCA B

E ts JE
and its inverse is Transpose withrespecttobaristas

J Sat I STEIB J

Check te
I taxa F laxa Ia laxatxtyflaxa.to I J

a a

Taxi
Eat laxa'to call aka E Jia's

I laxall no cat Jia'S

J

JE can be used to easily check if E is a valid quantumchannel

Th E El LCA CBD is completely positive

JEB Z O

E is trace preserving a JAE III
th

Coney Caleteposity can be checked efficiently

forallR CE E 5 30 for SE Pos ROA

Theorem says sufficient to take RIA and SI la axil
aas



Proof I is obvious

R Jake I dally Yul eigendecomposition

Write Sa InKasaki directly CP
ECSA

IisTraCSCnxIBIYuXexD_ziIcalS
txoIB.l lnxe.la

Can watt 14m I cairn 1 0163
So Max Yal Egg

cake dewlapstaxa lol b'xbl

E SA Egg doe Cal
Satta's lbxbl.ca b ten alula b

I Dacab'rn b'sca Sala Tbl Yuliab An
abo b

Ii Kasa Kat where kn cab'Mulhallfan

direct as TE lixjl Jj
Tr Tra CSI IF ICICI Jarl

Tr SÉTrB JAB
Tr SI
Tn Sa a



Corollary Any CP map E LCA LLB can be written as

ELSA IKSAKE
where Ka ELCAB called Kraus operators

with r s dimA dimB actually r rank E

E is truepreserving off E KE ka IA
Rk Called operator sum representation

Kraus

Stinespringdilation

Corollary Any CP map E LCA LCB
can be written as

ELSA TE MSM
where ME LCA BOE
with dim E E mA mB

is tace preserving off Mffinimerry
Proof
Writ Sa Takasaki ie preserves norms

Lr E span in HMM11 114711



and M Fei kn 01k

Then MSAME Z knSaki In XV a
n n

Interpretation

Can see any
evolution modeled

by quantum
channel E LCA CB as a embay evolution

A

Inputspanofinterest U
B

outputspan ofinterest

fixed state
1
R E environment we

do nothave access
to

U 1420107 MIX check such a

R unitary exist



monotoneA concept we will use operator convex functions
interval ER

f I IR operator monotone if for any dot
for any

Hermitian operators A B E Herm ed
with spec A spec B E I

A B f A of B
TAB EPos d

Rk There exist functions that are monotone butnot
operatormonotone e.g sets 22 Ex findexample

But sets log n sets Fe are operatormonotone

f I IR operator convex if for any dot
for any

Hermitian operators A B E Herm ed
with spec A spec B E I

f JA 1 d B Edf A A d FCB
Rk Example of non operator convex anise

Example operator convex log n In


