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Main idea

Main idea

Goal
Given a reasonably dense graph G, find a subset U where every
d-tuple has lots of common neighbors.

Choose a random set of vertices T
and look at its common neighborhood
U =

⋂
x∈T N(x).

Any d-tuple with few common
neighbors is unlikely to land in U,
since this would require all vertices in
T to come from its small common
neighborhood.
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An Application

Problem Statement

Problem (Fox and Sudakov, Dependent Random Choice)

If G is a graph with n vertices and εn2 edges, then G contains a
1-subdivision of a complete graph with a = ε3/2n1/2 vertices.

(A 1-subdivision of H is formed by replacing each edge in H with a
path with 1 internal vertex.)
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Idea: It is sufficient to find a set of a vertices where every pair (d = 2)
has at least

(a
2

)
+ a ≤ a2 common neighbors.
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An Application

Applying Dependent Random Choice

Problem (Fox and Sudakov, Dependent Random Choice)

If G is a graph with n vertices and εn2 edges, then G contains a
1-subdivision of a complete graph with a = ε3/2n1/2 vertices.

Choose a random set T = {x1, . . . , xt} of t vertices with repetition
(we’ll choose t later), and consider U =

⋂
x∈T N(x).

Let X = |U|, so E[X ] =
∑

v∈V (G) P[v ∈ U].
For v to land in U, it should be adjacent to all of x1, . . . , xt .

Each xi has probability d(v)
n of being adjacent to v , so

E[X ] =
∑
v∈G

(
d(v)

n

)t

≥ n
(

2εn
n

)t

= (2ε)tn.
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An Application

Applying Dependent Random Choice

Call (u, v) ∈ V (G)2 bad if |N(u) ∩ N(v)| < a2.

Write Y = #{bad pairs in U} =
∑

bad (u,v)

1{(u, v) ∈ U2}

By linearity of expectation

E[Y ] =
∑

(u,v) bad

P[(u, v) ∈ U2].

A pair (u, v) lands in U only if x1, . . . , xt are all in N(u) ∩ N(v).

If (u, v) is bad, this has probability at most
(

a2

n

)t
.

Hence,

E[Y ] ≤
(

n
2

)(
a2

n

)t

≤ n2

2
ε3t .
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An Application

Problem (Fox and Sudakov, Dependent Random Choice)

If G is a graph with n vertices and εn2 edges, then G contains a
1-subdivision of a complete graph with a = ε3/2n1/2 vertices.

When we delete a vertex from each bad pair from U, we’re left with
at least X − Y vertices; we want this to be at least a = ε3/2√n.

We computed E[X ] ≥ (2ε)tn and E[Y ] ≤ n2

2 ε3t , so

E[X − Y ] ≥ (2ε)tn − n2

2
ε3t .

Set t so that εt = n−1/2. Then

(2ε)tn ≥ 2
√

n and
n2

2
ε3t ≤ n2

2
n−3/2 =

1
2
√

n.

So E[X − Y ] ≥
√

n ≥ a, so there’s a realization where our final set
U ′ has at least a vertices.
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