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CHARACTERIZING PRINCIPAL MINORS OF SYMMETRIC MATRICES
VIA DETERMINANTAL MULTIAFFINE POLYNOMIALS

ABEER AL AHMADIEH AND CYNTHIA VINZANT

ABSTRACT. Here we consider the image of the principal minor map of symmetric matrices
over an arbitrary unique factorization domain R. By exploiting a connection with symmetric
determinantal representations, we characterize the image of the principal minor map through
the condition that certain polynomials coming from so-called Rayleigh differences are squares
in the polynomial ring over R. In almost all cases, one can characterize the image of
the principal minor map using the orbit of Cayley’s hyperdeterminant under the action
of (SLa(R))™ x S,. Over C, this recovers a characterization of Oeding from 2011, and
over R, the orbit of a single additional quadratic inequality suffices to cut out the image.
Applications to other symmetric determinantal representations are also discussed.

1. INTRODUCTION

Given an n X n matrix A with entries in a commutative ring R, let Ag denote the principal
minor obtained by taking the determinant of the principal submatrix of A with rows and
columns indexed by S. Let Sym, (R) denote the space of symmetric n X n matrices with
entries in R. The principal minor map is the map

¢ : Sym,(R) — R*  given by ©(A) = (As)scm)

where we take Ay = 1. Here we seek to characterize the image of the principal minor map
over arbitrary unique factorization domains R, and in particular, arbitrary fields.

Over R and C, this problem was studied by Holtz and Sturmfels [HS07|, who show that
the image is invariant under an action of SLy(R)™ % S, and conjectured that the vanishing of
polynomials in the orbit of the hyperdeterminant under this group cuts out the image of the
principal minor map over C. This conjecture was resolved by Oeding in 2011, using tools
from representation theory [Oed11]. Here we generalize this result to hold over arbitrary
unique factorization domains, except those with exactly three elements.

We will study this problem by associating to the matrix A the multiaffine polynomial

fa = det (diag(zy, ..., z,) + A) = Z ASI_IQCZ

SCln] iZS

This translates the problem of characterizing the image of the principal minor map to the
problem of characterizing multiaffine polynomials in R[zy,...,z,] with symmetric determi-
nantal representations. Key to this characterization will be Rayleigh differences.

The Rayleigh difference of a polynomial f with respect to 4, j € [n] is defined to be

9 f ) f o2 f

These polynomials play a prominent role in the theory of stable polynomials [Bréa07]. Us-
ing Dodgson condensation [Dod67], one can see that for the determinantal polynomial fa,

all Rayleigh differences A;;(fa) are squares in the polynomial ring R[z,...,z,|. In 2015,
1
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Kummer, Plaumann and the second author prove the converse over R [KPV15] and here we
prove it over an arbitrary unique factorization domain.
Formally, to a = (as)scjs in R*" we associate the polynomial fa = 3" gcp, @5 [Ligg -

Theorem Let R be a unique factorization domain. An element a = (ag)scn) in R* is
in the image of Sym,, (R) under the principal minor map if and only if ag = 1 and for every
i,7 € [n], Aij(fa) is a square in R[zq,...,2,).

For n = 3, Aj5(fa) is a quadratic polynomial in the remaining variable x3, namely

2
Aia(fa) = (a1a2 — apaiz) s + (a1a23 + azais — asary — apaizs)rs + (a13as3 — azai23).
For this polynomial to be a square, its discriminant must vanish, giving us a necessary

equation on the coefficients of f,. The discriminant of As(fa) with respect to x3 equals the
well-known Cayley 2 x 2 x 2 hyperdeterminant,

2
Hpret(a) = (a1a23 + a2a13 — asaiz — a@a123) - 4(a1a2 - a@alz)(a13a23 - a3a123)
2 2 2 2 2 2 2 2
= QpQaios + 7093 + Ay07g + A3a19 — 26“2)&1@23@123 — 2@@@2&13@123 — 26“2)&3@12@123
— 2a1a2a13023 — 20103012023 — 20203012013 + 4apagzaizaiz + 4ajazaiazas.

The coefficients of 1 and x2 in Ajo(fa) are ajzass — azaies and ajay — agays, respectively. We
see that As(fa) is a square if and only if these two coefficients are squares in R and the
discriminant, HypDet(a), is zero. One can check that Discr,,A12(fa), Discry, Ais3(fa) and
Discr,, Ags(fa) are all the same and equal to HypDet(a). Therefore a vector a € R* with
ag = 1 is in the image of the principal minor map if and only if HypDet(a) = 0 and for every
i,7 € [3] with {k} = [3]\{7,j}, both a;,a;; — ara;;r and a;a; — aga,; are squares in R.

Our main result is that, under the action of SLy(R)™ X S, these conditions characterize
the image of the principal minor map for general n.

Theorem[5.1l Let R be a unique factorization domain with |R| # 3 and a = (ag)sci, € R*
with ap = 1. There exists a symmetric matrix over R with principal minors a if and only if
(i) for every ¢,j € [n], a;a; — a;; is a square in R, and
(ii) for every v € SLy(R)"™ x S,,, (7 - HypDet)(a) = 0.

While the description in (ii) involves a potentially infinite set of quartic polynomials, we
give an explicit set of (g) 5773 elements 7 € SLy(R)"™ % S,, that are necessary and sufficient
in this characterization (see Remark [5.2). As observed in [Oed09, Observation II1.15], when
R is a field of characteristic zero, this is precisely the dimension of the linear space in
Rlas : S C [n]] spanned by the polynomials (v - HypDet)(a).

As a corollary of Theorem 5.1} we obtain another proof of Oeding’s result over C:

Corollary 5.3l Let a = (ag)scjy € C* with aqp = 1. Then a belongs to the image of the
principal minor map over C if and only if for every v € SLy(C)"™ x S,,, (7 - HypDet)(a) = 0.

We also get a semialgebraic description of the image of the principal minor map over R.

Corollary 5.4, Let a = (ag)sci, € R* with g = 1. Then a belongs to the image of the
principal minor map over R if and only if for every i,j € [n], a;a; — a;; > 0 and for every
7 € SLa(R)" xSy, (v - HypDet)(a) = 0.

For real symmetric matrices, the inequalities A;A; — A;; > 0 are a subset of the well-
known Hadamard-Fischer inequalities Agu;Agu; — AsAsui; > 0, which were also used by
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Holtz and Sturmfels in a partial characterization of the image of the principal minor map
over R, [HS07, Theorem 6]. Corollary [.4] states that these inequalities and the equations
given by the images of the 2 x 2 x 2 hyperdeterminant under SLy(R)™ x S, cut out the
image of the principal minor map over R. The image of the principal minor map over R is
of special interest, as for positive semidefinite matrices A, the discrete probability measure
on 2" given by Prob(S) o Ag forms a determinantal point process. These distributions
have several nice properties, such as negative association, and appear in a wide range of
applications [BBL09, [KT12].

Over fields of characteristic two, the discriminant of a univariate quadratic is a square.
From Theorem 5.1l we then recover the results of van Geeman and Marrani [vGM19] that
the image is cut out by quadratic equations:

Corollary Let a = (as)sc € R*" with ap = 1 where R has characteristic two. There
exists a symmetric matrix over R with principal minors a if and only if

(i) for every i,j € [n], a;a; — a;; is a square in R, and
(ii) for every v € SLa(F2)" x Sy, v - (aparzs + a1a23 + asaiz + azarz) = 0.

In particular, for R =y, (i) is always satisfied and the image of the principal minor map is
cut out by the quadratic equations in (ii).

Several other incarnations of the principal minor map have been studied. Lin and Sturmfels
[LS09] prove that the ideal of the image of the space of general 4 x 4 complex matrices under
the principal minor map is minimally generated by 65 polynomials of degree 12 and they
conjecture that the image of the space of general square complex matrices is cut out by
equations of degree 12. Huang and Oeding [HO17| solve this conjecture in the special case
where all principal minors of same size are equal (the symmetrized principal minor assignment
problem). They provide a minimal parametrization of the respective varieties in the cases
of symmetric, skew symmetric and square complex matrices. Kenyon and Pemantle [KP14]
adjust the principal minor map by adding the almost principal minors to the vector in the
image and they showed that the ideal of the variety in this case is generated by translations
of a single relation. In future work, we intend to extend the techniques in this paper to other
spaces of (non-symmetric) matrices.

Griffin and Tsatsomeros [GT06al, [GT06b] examine the complexity of computing the vector
of the principal minors of an n x n matrix and give a numerical algorithm that reconstructs
a preimage matrix, if it exists over C, from such a vector. Rising, Kulesza and Taskarc
[RKT15] provide an efficient algorithm for reconstruction in the symmetric case.

The paper is organized as follows. In Section [2, we establish notation and introduce the
action of SLy(R)™x.S,. In Section[3] we establish the connection between square Rayleigh dif-
ferences and determinantal representations and prove Theorem In Section M|, we use the
group action of SLy(R)"™ xS, to characterize the set multiquadratic squares in R[z1, ..., x,]
and use this to characterize the image of the principal minor map in Section Bl To conclude,
in Section [0 we discuss some consequences for other determinantal representations as well
as connections to the Grassmannian Grg(d,n) over arbitrary fields.

Acknowledgements. Both authors were partially supported by the National Science
Foundation Grant No. DMS-1620014 and DMS-1943363. This material is based upon work
directly supported by the National Science Foundation Grant No. DMS-1926686, and indi-
rectly supported by the National Science Foundation Grant No. CCF-1900460.
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2. BACKGROUND AND NOTATION

Throughout the paper, we take R to be a unique factorization domain. Let R[x| denote
the polynomial ring R[zy,...,z,]. For a = (ay,...,a,) € N* and S C [n], we use the
notation x* for [, 2 and x* for [[,.g ;. For f € R[x], let deg;(f) denote the degree of
f in the variable z;. Given d = (dy,...,d,) € ZZ, let R[x]<q denote the set of polynomials
with degree at most d; in z; for each ¢ = 1,...,n. These form an R-module of rank
IT,(d; +1). When d; = ... = d, = m, we abbreviate R[X|<(m,.m) by R[X]<m. Of
particular interest are multiaffine polynomials, R[x]<1, with degree < 1 in each variable, and
multiquadratic polynomials, R[X]<2, with degree < 2 in each variable. We will often consider
multi-homogenezations of these polynomials. Let R[x,y]q denote the set of polynomials in
the variables x1,...,z, and yi,...,y, that are homogeneous of degree d; in each pair of
variables z;,y;. For f =Y c,x®, let f47h°™ in R[x,ylq denote the polynomial

farem =TT f @ /yn - oafyn) = ) caxy@.
i=1 «

To a polynomial f € R[x]<a, its discriminant with respect to any variable zy, denoted
Discr,, (f), equals b* —4ac where f = ax} +bxy, +c and a, b, ¢ do not involve the variable zy.
Similarly, for a multiquadratic polynomial f € R[x,y]s, we can write f = ax? + bxpyy + cy;
and define its discriminant with respect to (xg, yx) to be Discry, 4, (f) = b* — 4ac.

The symmetric group acts on R[x] by permuting the variables. That is, for 7 € S,
7 - fequals f(za),-..,%xrm)). The action of SLy(R)"™ on R[x|<q is defined as follows. Let

v = (7i)iem) in SLa(R)™ where 7; = <ZZ Zl> Then for f € R[x]<dq,

- ) a1xr, + bl AnTy + bn
. — g dl dz . ge ey .
v/ E(cm + )T - f (clxl—i-dl cnxn—i-dn)

One way to interpret this action is via the multi-homogenezation of f. The induced action
of v on f47P°m ig just an R-linear change of coordinates:

d—hom __ pd—hom . x1 . Ty
e o () ()

Restricting to y; = ... = y, = 1 gives back v - f. Similarly, we can extend the action
of S, to R[x,yla by simultaneous permutations of the x; and y; coordinates, i.e. 7. f =
f(xw(l)u <oy Tr(n)s Yn(1)y -+ s yﬂ(n))

Note that R[x]<; and R?" are isomorphic R-modules, and so the action of SLy(R)" % S,, on
R[x]<1 also gives one on R*". Specifically, to an element a = (as)scjy, in R?" we associate the
multiaffine polynomial fo = > SCln) asx"\% and to any polynomial f € R[x]<; we associate
the point a = (ag)scpy in R*" with ag = coeff(f,x"\%). Note that if A is a symmetric
matrix with ag = Ag, then f, = det (diag(z,...,z,) + A). For any v € SLy(R)" x S,,, we
define v - a by the relation f,., = - fa. Similarly, we define the action of SLy(R)™ % .S, on
the polynomial ring Rlag : S C [n]] by v - F(a) = F(y-a).
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Example 2.1. For n = 3, consider v = <<2 _01),Id2,1d2> in SLy(R)?. For any point
a—= (ag)sc[g - R23
V- fa=mfal=27 " w2, ws) = D apxPNID N " BATUD =N =g g xS Y " g, x PN

T51 T SH1 $51

Taking coefficients of v - f, shows that (v -a)s equals aguy if 1 € S and —ag\; if 1 € S. For
F(a) = asasz — agass, we see that - F(a) = F(y-a) = aj2a13 — a1a103. From this we see
that the image of F' under the group SLy(R)? x S3 includes all six polynomials of the form
a;a; — aga;; and a;pa;, — agaqg for {i, 7, k} = {1,2,3}.

Proposition 2.2. Consider an element ~y € SLy(R)" that acts by (CCL Z) in the k-th coordi-
nate and the identity in all others. For any f € R[x]<1,

o Aij(f) ifk=1ij
Aij(y-f) = {fy . Aij(f) otherwise.

Proof. For each k € [n], let f;, denote the derivative of f with respect to x;, and let f* denote
its specialization to x; = 0. We can then write f = x; fx + f*. Then

v f = (azp +b)fi + (cop +d) " = a(afe +cf*) + (bfi + dfF).
In particular, %(7 - f)=(afx +cf*) and (v f)|s=0 = bfx + df*.
To see how this action affects Rayleigh differences, we write the polynomial A;;(f) as
Nj(f) = fifi = ffi = FLfi = 71,
where fz-j for example denotes g—i|xj:0. If k =i, applying ~ then gives
Nij(y - f) = (af] + cf9)bfi; + df}) — (bf] + df9)(afi; + cf}) = (ad = be)(f] f; = £ f),

showing that A;;(f) is invariant. Another way to see this is to view A;;(f) as the resultant of

f; and f7 with respect to x;. Note that for k # i, j, v commutes with taking the derivatives
with respect to z;, z; and restricting z;, x; to zero. Therefore A;;(v - f) =~y - Ay (f). O

Corollary 2.3. The set of polynomials f € R[x]<; such that A;(f) is a square for all
i,7 € [n] is invariant under the action of SLa(R)™ X S,.

Proof. Note that the set of squares in R[x]<2 is invariant under the action of SLy(R)™ X S,,.
If g = h? where h € R[x]<; then for 7 € S,,, 7+ g = (7 - h)%. Similarly for v € SLy(R)",
v-g = (v-h)% Note here that v acts on g as an element of R[x]<3 and acts on h as an
element of R[x|<q, regardless of their degrees.

First we note invariance under the symmetric group. For any 7 € S, A;;(7 - f) equals
T - Ar1()r—1¢;)(f). Therefore if f has the property that A;;(f) is a square for all , j, then
so does 7 - f. Similarly, by Proposition 2.2 for any v € SLy(R)"™, if A;;(f) € R[x]<2 is a
square, then so is Aj;(7y - f). O

We will also use the usual homogenization of a polynomial to some total degree d, using a
single homogenizing variable y. That is, for f = )" cox® € R[x] of total degree d = deg(f),
its homogenization is

F=y'f @y, onfy) =Y cax®y" ' € Rlx,y].
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To end this section, we remark that the condition that A;;(f) is a square is robust to various
homogenizations.

Proposition 2.4. Let f € R[x]<; and let f denote the homogenization of f in R[x,y]. Then
the following are equivalent

(a) Ay(f) is a square in R[x],  (b) Ay(f) is a square in Rx,y],

(c) Ay(f) is a square in R[x,y], (d) (Ay(f))>7"™ is a square in R[X,y]2.

Proof. The implications (b)=(a), (c)=-(a), and (d)=-(a) follow from restricting to y = 1
ory; = ... =1y, = 1. For (a)=(c) and (a)=(d), we note that if A;;(f) = ¢* for some
g € R[x], then Ay;(f) = (9)* and (Ay;(f))> o™ = (g*"™)2% For (a)=(b), let f € Rlx]<1
with total degree d and suppose that A;;f = ¢* for some g € R[x]. Let m = deg(g).
By definition, A;;(f) € R[x,y] is homogeneous of degree 2d — 2. Its restriction to y = 1
equals A;;f. Therefore A;;(f) equals y>*=272mA;;(f), showing that A;;(f) can be written
as (y'7"g)%. O

3. SQUARES TO DETERMINANTAL REPRESENTATIONS

In this section we prove Theorem [B.5l This relies heavily on the structure of the polyno-
mials A;;(f) defined in (I)). If f is multiaffine, then A;;(f) does not involve the variables z;
and z; and has degree < 2 in the other variables. In particular, if A;;(f) = (gi;)? for some
gij € R[z1,...,x,], then g;; does not involve the variables z; and z; and has degree < 1
in the rest. We first work with more general determinantal representations in a larger ring
Rlxy,...,xm] = R[Tpi1, ..., Tp)[x] with n < m.

Theorem 3.1. Let f € R[xy,..., 2] be a homogeneous polynomial of degree n < m. Sup-
pose f is multiaffine in the variables x1,...,x, and its coefficient of x1---x, equals one.
Then f = det(diag(zy,...,»,) + 370, . 2;M;) for some M; € Sym, (R) if and only if Ni; f
is a square in Rlxy ..., xy] for alll <i,5 <n.

Proof of (= ). This follows from a classical equality on the principal minors of an n X n
matrix, used by Dodgson [Dod67] as a method for computing determinants. For subsets
S,T C [n] of equal cardinality, let M (S, T') denote the submatrix of M obtained by dropping
rows S and columns 7" from M. Then for any i # j € [n],

(2) det(M(i,i)) - det(M(j, 7)) — det(M) det(M ({4, 7}, {7, 5})) = det(M(i, 7)) - det(M (4, 7)),
Note that for M = diag(zy, ..., 2,)+> ., ¥;M; and any subset S C [n], the principal mi-

nor det(M (S, .5)) equals the derivative of f with respect to the variables in S, (HZE s 8%) f.

The equation above then gives that A;;(f) equals det(M (7, 7)) - det(M(j,4)). Since M is
symmetric, this shows that A;;(f) = (det(M (4, 7)))>. O

We prove the other direction of this theorem after the following lemma.

Lemma 3.2. Let f € R[xy,...,x,] be multiaffine in the variables x1,...,xz, and its co-
efficient of x1---x, equal one. If f = g+ h for some g,h € R[x1,...,x,], then g and h
are multiaffine in disjoint subsets of the variables x1,...,x, and we can take their leading
coefficients in these variables to be one. Moreover, A;;f is a square if and only if A;;g and
A;jh are squares.
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Proof. For any i € [n], the degree of f in x; must be the sum of the degrees of g and
h in ;. Since this sum of nonnegative numbers is one for each i € [n]|, we see that for
some subset I C [n], g is multiaffine in {x; : ¢ € I}, h is multiaffine in {z; : j & I}, and
deg;(h) = deg;(g) =0 for any i € [ and j & I.

The highest degree term in f with respect to the variables zy,...,2,, [\, @;, is the
product of the highest degree terms in g and h. Therefore for some r, s € R, these terms are
7 [Lic; i and s ngf xj, respectively. Since rs = 1, we can replace g with sg and h with rh
to obtain a factorization in which both have leading coefficient equal to 1.

Fori e I, 0(g-h)/0x; = h-0g/0z; and similarly, for j & I, 0(g - h)/0x; = g - Oh/Ox;.
From this, one can check that A;;(gh) equals h?A;;(g) for 4,5 € I, g*Aij(h) for i,j € [n]\I
and zero otherwise. In each case, we see that A;;(gh) is a square in R[zy, ..., z,,] if and only
if both A;;(g) and A;;(h) are squares. O

Proof of Theorem[31l(<). Let S denote the ring R[z1, ..., z,). Suppose that f is irreducible

in S. For each i € [n], let g; = g—i and for each ¢ < j, suppose that A;;f equals (g;;)? for

% is equivalent to (g;;)* modulo (f). For 1 <i < j,

ﬁ)2 of . 9f
Oxy1/ Ox; Oxj’

some g;; € S. This implies that g—fi .

the polynomials (g119;;)? and (g1;9:1)? are both equivalent to ( showing that

(911955 — 915901) (91195 + 915901) = (911955)° — (91;94)> =0 mod (f).

Since f is irreducible, S/(f) is an integral domain. Therefore one of the two factors above
must be zero in S/(f). After changing the sign of g;; if necessary, we can assume that it is
the first factor, giving that g119;; — g1;9i1 € (f). Let G € Sym, (S) be the symmetric matrix
with (4, j)th entry ¢;; = g;;. We claim that the 2 x 2 minors of G lie in (f). Note that by
construction, for any i, 7, k, [ € [n],

911 (9i596—9u9x;) = (9119i5)(g119%) — (91192) (9119%5) = 91591;919u—Gr1igug1xg1; = 0 mod (f).

Since f is irreducible and ¢g;; = 0f/0x; has smaller degree, gq1 is not a zero-divisor in S/{f).
Therefore the minor ¢;;gx — gugr; belongs to (f).

From this it follows that f*~! divides the k& x k minors of G for every 2 < k < n, see
[PV13] Lemma 4.7]. In particular, f"~2 divides the entries of the adjugate matrix G*Y. Let

M = (l/fn—2) . Gadj‘

Also f7~1 divides det(G), and since these both have degree n(n — 1), there must be some
constant A € R for which det(G) = A - f"~ 1.

We can see that A = 1 by specializing x, to 0 for all £ > n. For any polynomial h € S, let
h(x,0) denote the specialization of h with z;, =0 for f =n + 1,...,m. Then f(x,0) equals
x1- -z, and g4(x,0) = H#i x;. Recall that g;; € R[xy, : k # i, j] has total degree n — 1
and degree at most one in each variable xy for k& € [n|\{i,j}. Therefore every monomial
appearing in g;; with non-zero coefficient must involve a variable z, for ¢ > n, giving that
9i;(x,0) = 0. Specializing all entries of G' to x;, = 0 for £ > n, gives the diagonal matrix

G(x,0) = diag <H:cj,...,ij> :j[[lxj.diag (xil”:cin)

J#1 J#n
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Its determinant is []/_, #/'~" which equals f(x,0)""!, showing that A = 1. From this and
the equation G - G = det(Q) - Id,,, it follows that
1

. 1 _
det(M) = m . det(GadJ) = m det(G)" ! =

1

n—1)2
fn(n—2) ‘f( Y

= f

Note that the entries of M have degree < (n — 1)?> —n(n — 2) = 1, so we can write M as
Yo, w;M; for some matrices M; € Sym,(R). To finish the proof it suffices to show that
Sor w;M; = diag(zy, . .., z,). Indeed, using the previous formula for G(x,0) we see that

For general f, we take a factorization of f into irreducible polynomials f = [], fx. By
Lemma B.2] A;;(fx) is a square for each 4, j, k and so by the arguments above, f has a
determinantal representation of the correct form. Taking a block diagonal representation of
these representations (and permuting the rows and columns if necessary to reorder 1, ..., x,)
gives a determinantal representation for f. O

Example 3.3. For n =4 and R = Z, we apply this algorithm to the symmetric quartic

[ = mimoxsry — (2100 + 2103 + 2104 + ToT3 + ToTs + x374) + 2(21 + 22 + T3 + 24) — 3.
For each ¢ € [4], we take g;; to be g—i = [L;z%j — > ;.7 + 2. For every i # j, we find
that A;(f) = g—:i% - %8];3_ equals (z, — 1)*(z, — 1)? where {k,¢} = [4]\{i,j}. For

each j = 2,3,4, we can choose ¢1; = (1 — zy)(zy — 1) with {k,¢} = [4]\{1,j}. Then for
{j. k, 0} ={2,3,4}, we find that g11(1 — 21)(x; — 1) — g1kg1¢ equals (1 — z;) f and so we also
take gre = (1 — x1)(2; — 1). We then construct the 4 x 4 matrix G = (¢;j)1<i j<a =

T2T3T4 — T2 — T3 — T4 + 2 —x3T4 + T3+ 14— 1 —x2x4 + a2+ 24 — 1 —xox3 + 22+ 23 — 1
—x3T4 + T3+ T4 — 1 T1T3%T4 — T1 — T3 — T4 + 2 —x1T4 + 71+ T4 — 1 —z1T3+T1 + 73— 1
—ToTg +x2 + T4 — 1 —T1T4 + 21 + 74— 1 T1T2T4 — T1 — T2 — T4 + 2 —r1T2 + 71 72— 1
—x2x3 + T2+ T3 —1 —z1T3 +T1 + 23— 1 —z1z2 + 71+ T2 — 1 T1X2T4 — T1 — T2 — T4 + 2

Note that only the diagonal entries of this matrix have degree three, so if we homogenize all
entries to have degree three and then set the homogenizing variable equal to zero, the result
is the diagonal matrix G(x,0) = x@ywsrydiag(x;’, 251, 231, 2, ') appearing in the proof of
Theorem [B.Il(«). Moreover, the 2 x 2 minors of this matrix are divisible by f and so its
3 x 3 minors are divisible by f2. Taking the adjugate of G and dividing by f?, we find the
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desired symmetric matrix whose determinant gives the polynomial f:

z 1 1 1
1 i 1 zo 1 1

_ j
M = sz 1 1 23 1
1 1 1 a4

Before moving on to applications to the principal minor problem, we remark that the
rank of the matrices M; can be recovered from f. Here we define the rank of a matrix
M € Sym,,(R) to be the maximum r € N so that there is a non-zero r x r minor of M. Note
that the rank of M over R is the same as its rank over the field of fractions of R.

Lemma 3.4. Let R be an integral domain. If f = det(diag(wi,...,z,) + D01, x;M;)
where M; € Sym, (R), then the rank of M; equals the degree f in the variable x;.

Proof. The bound deg;(f) < rank()}) follows from the Laplace expansion of the determi-
nant. To see equality, it suffices to take j = m =n + 1. Let f = det(diag(xy,...,z,) +yA)
where A € Sym, (R). Then f = qun] Agx"\9yI51 equals the homogenization of f4. From
this we see that the degree of f in the variable y equals the size of the largest nonzero
principal minor of A. By the so-called Principal Minor Theorem [KLS08, Strong PMT 2.9],
this coincides with the size of the largest nonzero minor of A, i.e. rank(A). O

Recall that to an element a = (ag)scy in R?" we associate the multiaffine polynomial

fom Y sk

SC[n]

Theorem 3.5. Let R be a unique factorization domain. An element a = (ag)scin) in R?" is
in the image of Sym,, (R) under the principal minor map if and only if ag = 1 and for every
i,j € [n], Aij(fa) is a square in R[X].

Proof. By Corollary 23, A;(fa) is a square in R[x] if and only if A;;(fa) is a square in
R[x,y]. Furthermore, by Theorem B, A;;(fa) is a square in R[x,y] if and only if there
exists a symmetric matrix A € Sym,, (R) for which f, = det(diag(z1, ..., x,) + yA). O

Corollary 3.6. Let R be a unique factorization domain. Then the image of Sym,,(R) under
the principal minor map is invariant under the action of G™ xS, where G is the subgroup

of SLa(R) defined by G — {((1) D e R}.

Proof. Let a = (ag)sci, be an element in the image of the principal minor map and let
fa be the associated multiaffine polynomial. Consider b = (bg)gc, with b = v - a where
v € G" % S,,. Theorem B.limplies that ag = 1 and for every 1, j, A;;(fa) is a square in R[x].
Corollary 2.3/implies that for every 4, j, A;;(fp) is a square in R[x|. Using Theorem [3.Tagain,
it is enough to show that by, the coefficient of x1 - - -z, in fp,, equals one. It is clear that this
coefficient is invariant under the action of S,,, and so it suffices to take v = (y1,...,7.) € G"

where ; = (é Tl), for which

fo=7-fa=falzi+r1,... 00 +10).

From this, we see that coefficient of x; -- -z, in f}, is equal to one. O
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The subgroup G is the maximal subgroup that preserves the leading coefficients of poly-

¢ b) € SLy(R) acting on the first coordinate x;

nomials f4. Consider an element of v = (C J

of fa. Then
_ 9fa _
coeff (v - fa,x1 -+ x,) = coeff | (axy + 1) B + (cx1 + d)(faley=0), x1 -+ -2y | = aAg + cAy.
1

In order to preserve the coefficient of z; - - - x,,, 7 must satisfy 1 = a + cA; for every value of
Aj. This implies that ¢ = 0 and a = 1. The condition ad — bc = 1 then implies that d = 1.

Corollary 3.7. Let R be a unique factorization domain and let a be the vector of principal
minors of a matrixz in Sym,(R). Fir vy € SLy(R)" x S, and let \ denote the coefficient of
[l zi iny- fa. If X0, then for some A € Sym, (R),

1
V- fa=A-det (diag(ml,...,xn)jLXA).

That s, %fy -a belongs the image of the principal minor map over %R.

Proof. Let b = %7 -a and let f;, be the multiaffine polynomial associated to b. Then
coeff (fu, [T; z:) = A = 1 and by Corollary 23] A;; fp, = 350:;(7 - fa) is a square for every
i, j. Hence, by Theorem [B.1] there exists a symmetric matrix B with entries in R(%) with

fo = det (diag(zy, ..., x,) + B).

We claim that AB has entries in R. To see this, note that b = %7 -a is the vector of principal
minors of B and that the entries of 7 -a belong to R. So all principal minors of B belong to
A~'R. This immediately shows that the diagonal elements of AB belong to R.

For the off-diagonal elements, fix i # j € [n] and let z denote the (i,j)th entry of B.
Then b;b; — b;j = 2, where b = (bg)scjn), which implies that A\?2? = (\b;)(\b;) — N?b;; € R.
By construction, z € R(1/)) so we can take the minimal m € N for which A™z € R. So
A"z =r € R where either m = 0 or A does not divide r. Then A*™72(\222) = (A\"2)? = r2.
Since \22% € R, we see that A>™~2 divides 2. If m > 1, this contradicts the assumption that
A does not divide r. Therefore A = AB € Sym,,(R), as desired. O

1
1

principal minors a = (1,2, 1,1), giving fa = 122 + 21 + 225 + 1. The image of f, under the
action of v = ((f _01>, (é ?)) € SLy(R)? is

’}/-fa:4l’11'2+3l'1—1'2—1.

Example 3.8. For R = Z and n = 2 consider the matrix A = G ) and its vector of

Since 4 # 1, the vector (4, —1,3, —1) is not the vector of principal minors of any symmetric

matrix over Z. However, as promised by Corollary 3.7, the vector %7 ca = (1, —71’ %, _Tl) is

the vector of principal minors of the matrix B = i(? ;) over iZ.

Corollary 3.9. Let R = F be an infinite field. The Zariski closure of the image of the
principal minor map in P?"~1(F) is invariant under the action of SLy(F)" x1 S,,.

Proof. The image is immediately invariant under the action of S, so it suffices to show
invariance under SLy(F)". Using the action of S, it suffices to show this by acting with
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SLy(FF) on the first coordinate. Let A € Sym,,(F), giving a point p(A) = (Ag)s in the image
of the principal minor map. Consider the open subset

U ={y € SLy(F) : coeff(y - fa, 1+ x,) # 0}

— {(Z Z) eF*?:ad —bc=1 and aA@+cA17£O}.
By Corollary B.7] for every v € U, v - ¢(A) belongs to the image of the principal minor
map, up to scaling. The parametrization (a,b,c) -+ (a,b, ¢, (1 + bc)/a) shows that SLy(TF)
is a rational variety over F. Since F is infinite, the set of (a,b,c) € F? such that a # 0 and
aAy + cA; # 0 is Zariski-dense in F?. Tt follows that U is Zariski-dense in SLy(F). Since
v+ 7 - p(A) defines a rational map SLy(F) — P?"~1(F), it follows that for any v € SLy(F),
7 - (A) belongs to the Zariski-closure of the image of ¢ in P?"~1(FF). O

4. DEFINING THE SET OF MULTIQUADRATIC SQUARES

The polynomials A;;(f) appearing in Theorem [3.5 have degree < two in each variable. In
order to make use of this characterization, in this section we find algebraic conditions charac-
terizing the set of squares in R[x|<2. In fact, to simplify the notation used in the arguments
below we consider the multihomogenezations, as in Proposition 4] and characterize the set
of squares in R[x,y]2.

In a slight abuse of notation, we define P*(R) to be the following subset of R*:

PY(R) = {(r,1): 7 € R} U{(1,0)}.

Lemma 4.1. Let g € R[x,ylq where d = (dy,...,d,) € N". Let P, CPY(R) be a set of size
d; + 1. Then g is the zero polynomial if and only if g(p) =0 for allp € Py X --+ X P,.

Proof. We prove this by induction on n. Note that for n = 1, a polynomial g € R[z,y|4
vanishes at (a,b) € PY(R) if and only if bz — ay divides g. Therefore a bivariate form
g € R[z,ylq cannot have more than d roots in P'(R). Now suppose that n > 1. Fix
(a,b) € P,y1. The polynomial g(x, a,y, b) vanishes on P; X- - -x P, and is therefore identically
zero by induction. This means that, considered as a bivariate form in z,.1,y,+1 over the
ring R[x,y]|, g vanishes at the d,;; + 1 points in P,;; and it is therefore identically zero in

R[Xv y] [xn+17 yn—l-l] = R[X, Tn+1, Y, yn-i-l]' O

Lemma 4.2. A polynomial g(x,s,y,t) = ¢2(x,y)s* + g1(x,y)st + go(x,¥)t? € R[x,s,y, 1|2
is a square in R[x,s,y,t] if and only if go(X,y) and g2(X,y) are squares in R[x,y] and
Discr(s 4 (g) = 0.

Proof. Suppose that gy = (h2)? and gy = (ho)?, where hy, hy € R[x,y| and
Discr(s 1) (g) = g1 — 4gog2 =0 in  R[x,y].

Then 4gogs = (2hoh2)? = g2, giving that (2hohs)? — g2 = (2hoha — g1)(2hohs + g1) = 0 in
R[x,y]|. It follows that g; = +2hghs. Changing the sign of hq if necessary, we can assume
that g1 = 2h0h2. Then

g = (h2)2$2 + Qhohgst + (h0)2t2 = (Shg + th0)2

is a square, as desired. Conversely, if g = (shy +thg)?, we see that gy = (hg)? and go = (hs)?
and Discr(s 4 (g) = 0. O
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Theorem 4.3. Let R be a unique factorization domain with |R| # 3. A multiquadratic
polynomial g = 3~ o1 oy CaX Y2~ is a square, i.e. g = h* with h € R[x,y]1, if and only
if for every B € {0,1}", cop is a square in R and ¢ = (ca)ac{o,1,2)n Salisfies the images of

(3) (c(1,0)) — 4c(0,0)C(2,0) = 0

under the action of SLa(R')" % S,, where R’ is any nontrivial subring of R with 1g = 1r and
size > 4 whenever char(R) # 2.

Proof. (=) If g = h?, then for every v € SLy(R)" x S,,, v+ g = (v h)? Note here that the
action on g comes from the action on R[x,y]s and the action on h comes from the action
on R[x,yl]1. The specialization of v - g to (x,y) = (21,0, 41, 1) will be a square in R[z1,y;].
Moreover, the coefficient cg of x**y?727 in g is the square of the coefficient x’y*=% in h, and
in particular the square of an element in the ring R.

(«<=) We prove this by induction on n. This holds immediately for n = 1 by Lemma [4.2]
Now suppose n > 1 and take g = g2s* + g1st + got® € R[x, s,y,t]. Fixing n + 1 in S, and

<(1) ?) or <(1) _01) for the (n + 1)st coordinate in (SLy(R))™*!, we see that both gy and g,

satisfy the hypothesis of the theorem and so, by induction, are squares in R[x,y|. Here 1
denotes the common multiplicative identity of R and R’.
If char(R) # 2 then |R/| > 4 and we can take a set P C P'(R’) of size five. Define a map

¢ : PYR') — SLy(R') by ((1,0)) = (_01 (1]) and for r € R, o((r,1)) = (é 7{) Then to
(p1,-..,pn) € P™, we associate the element v = (p(p1), ..., ©(pn), Ids) of SLy(R')" . Acting
on g by v and then specializing tox; = ... =z, =0and y; = ... =y, = 1 gives

(4) (7 ' g) |x:0,y:1 = g(a> S, b> t) and (Discr(s,t) (7 : 9)) |x:0,y:1 = (Discr(s,t)g) |x:a,y:b

where p; = (a;,b;) and a = (a1,...,a,), b = (by,...,b,). Transposing (z1,y;) and (s,t)
using the action of S, 1, we see that by assumption, this evaluation of the discriminant of
~-g must be zero. Since the discriminant has degree < 4 in each variable, Lemma [Tl implies
that it is identically zero. Then by Lemma [L.2] g is a square in R[x, s,y,].

If char(R) = 2, the discriminant Discr(, ;g simplifies to a square, g7, which by (@), must
vanish at the points {(1,0), (1,1),(0,1)}™ C (P'(R))". Since g; has degree 2 in each variable
and must vanish at these points, Lemma [Z.J] implies that ¢; is identically zero. Therefore by
Lemma [4.2], g is a square. d

Remark 4.4. The proof of Theorem [L.3 reveals that only a small subset of SLy(R) is needed
in each coordinate to characterize multiquadratic squares, specifically a set of size five.

Up to isomorphism, there is only one ring of size three, namely F3. The exclusion of Fg
in the statement of Theorem is a necessary one, as the following example demonstrates.

Example 4.5. For R = F3 and n = 3 consider the multiquadratic form
g = 2 (w2ys — w3y2)" — 20191 (T2ys + T3ya) (123 — Yays) + Y1 (T2Ts + Yays)®
= xf:cgyg + xf:c%y% + x%x?}y% — 223 T9X3Y0Y3 — 2T1T3T3Y1Y3 — 2x1x2x§y1y2
+ 221 Z9y1YaY3 + 2013133 + 202 T3y Yays + YTY3Y3-
The discriminant of g with respect to (z1,y;) is given by

Discr(q, 4,)9 = 1622y2(2 + y2) (T2 — y2)r3ys(w3 + y3) (73 — ¥3).
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This polynomial is non-zero in F3[x, y|4 but vanishes on all points in (P!(FF3))2. The poly-
nomial g is invariant under permutations of indices, so the discriminants Discr (s, ,,)g and
Discr(y, 459 have the same property.

Before using this result to characterize the image of the principal minor map, we record
a few of the notable special cases of Theorem 3l In particular, over C, the set of mul-
tiquadratic squares is defined by the orbit of a single polynomial and the only additional
constraint over R is the nonnegativity of the orbit of one other polynomial.

Corollary 4.6. Let g = Zae{o,l,z}n cax® € C[x]|. The polynomial g is a square, g = h* with
h € Clx]<1 if and only if ¢ = (Ca)acfo,1,2yn Satisfies the images of

(5) (ca0)? — 4c,0)C20) = 0

under the action of SLy(C)" x S,,. Moreover, g is a square over R, g = h? with h € R[x]<1,
if and only if its coefficients ¢ = (Ca)acio,1,2yn Satisfy the images of

(6) (0(170))2 - 40(070)0(270) =0 and 0(070) Z 0.

under the action of SLa(R)™ % S,,.

As seen in the proof of Theorem [4.3] in characteristic two, linear equations in the coeffi-
cients suffice to cut out of the set of squares in R[X]<2.

Corollary 4.7. Let g = 206{07172},1 coX® € R[x] where R is a UFD of characteristic two.
The polynomial g is a square, g = h* with h € R[xX]<1 if and only if ¢ = (Ca)aefo,1,2yn Satisfy
(i) for every B € {0,1}", cop is a square in R, and
(ii) for every v € SLa(IF2)™ X Sy, (v - €)a,0) = 0.

5. CHARACTERIZING THE IMAGE OF THE PRINCIPAL MINOR MAP

We can now combine the characterization of multiaffine determinantal polynomials from
Section Bl and the characterization of multiquadratic squares in Section [ to give a complete
description of the principal minor map over any unique factorization domain of size # 3.

Theorem 5.1. Let R be an UFD with |R| # 3 and let a = (ag)scpy € R?" with ay = 1.
There exists a symmetric matrixz over R with principal minors a if and only if

(i) for everyi,j € [n], a;a; — a;; is a square in R, and

(ii) for every v € SLa(R)™ x S, (7 - HypDet)(a) = 0.

Proof. (=) If a belongs to the image of the principal minor map over R, then a;a; — a;;
is the square of the (i,7)th entry of the representing matrix A, and so is a square in R.
Also, by Theorem B.I] A;; fa is a square for all 7,5 € [n|. Then, by Corollary 2.3 for any
v € SLo(R)™ x Sy, Aij(v - fa) is square. In particular,

HypDet(y - a) = Discry, (A12(7 + fa))lzs=..=zn=0 = 0.
(<) First, we show that a belongs to the image of the principal minor map over the

algebraic closure of the fraction field of R, F = (frac(R))alg. Then R is a subring of F
and has size > 4 if char(R) = char(F) # 2. Let f = fa. Every element of R is a square
over F. Then by Theorem L3, Aj;f = > g9y CaX® is a square in F[x] if and only if
¢ = (Ca)acfo,1,2)» and its images under SLy(R)" xS, satisfy (c(1,0))* — 4¢(0,0¢(2,0) = 0. This
condition for all 7,5 € [n] is equivalent to the condition that (v - HypDet)(a) = 0 for all



14 ABEER AL AHMADIEH AND CYNTHIA VINZANT

v € SLo(R)™ % S,,. Therefore A;;f is a square in F[x] for all ¢, 5. By Theorem B3] a is the
vector of principal minors of some matrix A with entries in F. The diagonal entries of A are
entries a; in this vector and therefore belong to R. Let z denote the (i, 7)th entry of A for
some i # j. By assumption 2% = a@;a; — a;; = r* for some r € R. Then (z +7)(z —7) =0
implying that z = +r € R. Therefore A € Sym,,(R). O

Remark 5.2. Note that in part (ii) of the characterization in Theorem [5.1] it suffices to
take (g) -5"73 elements v € SLy(R)"™ x S,,. Specifically, let P C R be a set of size 5. For any
subset {i,j,k} C [n] and point p € P"3, we get an equation

Discrz, (Aij(fa))lx=p = 0.

This is enough to ensure that Discr,, (A;;(fa)) is identically zero. More generally, we can
take evaluations of DisScr(y, 4,)(Aj(fa))? ™™ at 572 points in P'(R), as in Section @l While
this expression appears to depend on the ordering of i, 7, k, one can check that for any
[ € R[x]<i1, Discry, (Ay(f)) = Discry, (Aw(f)) = Discry, (Ajr(f)). See, for example, the
proof of Theorem 3.1 in [Wagll]. When R is a ring of characteristic 2, it suffices to take P
to have size 3, giving a total of (g) - 373 equations.

Applying this to R = C, R, and 5, we find the following immediate consequences.

Corollary 5.3. Let a = (as)scp) € C?" with ay = 1. There exists a symmetric matriz over
C with principal minors a if and only if a and all its images under the action of SLy(C)" x S,
satisfy the 2 x 2 x 2 hyperdeterminant HypDet(a) = 0.

Corollary 5.4. Let a = (as)scin] € R?" with ag = 1. There exists a symmetric matriz over
R with principal minors a if and only if a and all its images under the action of SLy(R)™ xS,
satisfy
HypDet(a) = 0 and ajay — agaz > 0.

Corollary 5.5. Let a = (ag)scin € R*" with ay = 1 where R has characteristic two. There
exists a symmetric matriz over R with principal minors a if and only if

(i) for everyi,j € [n|, a;a; — a;j is a square in R, and

(ii) for every v € SLa(F)™ X Sy, v - (agaizs + arass + asars + asagn) = 0.
In particular, for R = Fo, (i) is always satisfied and the image of the principal minor map
is cut out by the quadratic equations in (ii).

It is unclear whether or not Theorem [B.1] can be extended to R = F3. Example shows
that this would likely require a different proof technique. Interestingly, the polynomial g in
this example is of the form Ajy(f) for some f € Fs[zy,...,x5]<1, but for all such f we have
found, the discriminant of some other A;;(f) fails to vanish on (P*(F3))2.

Question 5.6. Does the equivalence in Theorem [5.1 hold for R = F5?

6. OTHER DETERMINANTAL REPRESENTATIONS AND CONNECTIONS TO Grp(d, n)
6.1. Other multiaffine determinantal representations. In this section we restrict our-
selves to fields and consider the set of multiaffine determinantal polynomials. Formally, let
F be an arbitrary field. We call a polynomial f € F[x|<1 determinantal if it can be written
in the form

i=1

(7) f(x) = Adet (Vdiag(z1,...,2,)V" + W) = Adet <Z T00] + W)
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for some A € F, some matrix V = (vq,...,v,) € F™™ and some W € Sym,,(F) for some
m. Note that when we take V' to be the n x n identity matrix, this is exactly the principal
minor polynomial fy,. When m < n, the coefficient of x; - - -z, in f is necessarily zero.

Theorem 6.1. A polynomial f € F[x|<1 has a determinantal representation (D) if and only
if for alli,j € [n], Ai;f is a square in F[x]|. Moreover, one can always take a representation

of size m = deg(f) in ().
Proof. (=) Without loss of generality, we show that Aj,(f) is a square. First suppose Uy

and v are linearly dependent, i.e. let v; = awvy for some a € F. Then UlvlT = o? 112112 and
f(z,.. xn) = f(0,a%x1+x9, 73, ..., x,). Taking partial derivatives shows that af = a? aamj;

and that 5 = 0. Therefore Alg( f) o? (5L o -)? and so is a square.
If vy and 122 “are linearly independent, then there is an invertible matrix U with Uv; = e;
and Uvy = ey. Then

det(U)2f = \det (U (Z :waiT + W) UT> = Adet (diag(xl,:cz,o) 4 in@aT +W> _

i=1 =3

where ©; = Uv; and W = UWU?T. These matrices are still symmetric and so by equation
@), A2(f) is a square.

(<) Let d = deg(f). We can assume, without loss of generality, that the coefficient of
x1++-xq in f is nonzero. Moreover since the set of polynomials of the form () is invariant
under scaling, we can assume that this coefficient equals one. Let f € F[x,y] denote the
homogenezation of f to total degree d. By Theorem B.1] there are matrices My 1, ..., M1
in Sym,(FF) so that

f=det (diag(:cl, cooxg) + Z x; M; + yMn+1> )
i=d+1
We take W = M, 1. It remains to show that for each ¢ = d+1,...,n, the matrix M; has
the form v;v! for some v; E_Fd. Without loss of generality we do this for i = d + 1. Let g
denote the specialization of f to z, =0 for k =d+ 2,...,n and y = 0. Note that

g = Z (Md+1>5(xd+1)‘s| L.

SCld] J€ld\S

However f has degree < 1 in z4,1, and thus so does g. Therefore by Lemma B.4] My,
has rank < one. To examine its diagonal entries (My1);, note that for every ¢ = 1,...,d,
Aj@+1)g is a square. Moreover, the restriction of g to x; = x441 = 0 is identically zero,
showing that

i(d+1)

Az’(d-‘rl)g = gf“gfm —4g Ji(d+1) = gfmgfiﬂ

_ ((Md+1)@ H l"j) ((Md+1)i H IJ’): (M) (IlTxdf’

Jeld\i Jeld\i
where we use the notation g; = 87‘7]_ and ¢/ = 9lz;=0. It follows that (Mgy1); is a square in
F. Since My, has rank < one, then for some choice of square root v; = \/(Mgyy1); € F, the

matrix My, equals vol with v = (vy, ..., vq)7T. O
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Using Corollary 23] this immediately gives the invariance of the set of determinantal
polynomials.

Corollary 6.2. The set of polynomials in F[x]|<1 with a determinantal representation () is
invariant under the action of SLo(F)™ % S,,.

Together, Theorems .3l and [6.1] characterize the set of determinantal polynomials in F[x].

Corollary 6.3. A polynomial f = 3 s, asx"\S € F[x]|<; has a determinantal represen-
tation (1) if and only if
(i) for everyi,j € [n] and S C [n]\{i,j}, asuiasy; — asasui; is a square over F, and
(ii) for every v € SLo(F)™ x S, (v - HypDet)(a) = 0.

Proof. By Theorem [61] f has a determinantal representation () if and only if for all 7, j
A;;f is a square in F[x]. Since A;;f has degree < 2 in each variable, Theorem implies
that A f = 206{07172},1 coX” is a square if and only if for every 8 € {0,1}", cop is a square
in R and ¢ = (Ca)ac{o,1,2}» satisfy the images of

(8) (c(1,0))* — 4c(,0)C2,0) = 0
under the action SLy(F) x S,,. This is in turn equivalent to the condition that for every v in
SLy(F)" xS, (v-HypDet)(a) = 0 and for every ¢, j € [n] and S C [n]\{1, 7}, asuiasy;—asasuij
is a square in .

To see this, consider S C [n]\{7,j} and let § € {0,1}" denote the indicator vector of
n]\(S U z'j) We claim that that the coefficient of x? in Aj;(f) equals asuiasy; — asasui;-

Since f, 2 8:2 , {f j , and af; have degree < 1 in each variable, only the XB terms in each of
these polynomials contrlbute to the x** term in A;;(f) = g xfz g XJ ax 81, . That is,

0 0 0?
coeff (Aij(f),xzﬁ) = coeff (83;]:’XB) - coeff (a—i,xﬁ) — coeff (f, xﬁ) - coeff (8x2~8fx]~’X5) .

Note that the coefficient of x? in f is asu;j- The coefficient of xP i in 5 equals the coefficient

2
of z; - x” in f, which is ag;. Similarly, the coefficients of x” in aa—f and af d; ATC Asui and

as, respectively. O

6.2. Connections with the Grassmannian. Given a d x n matrix V of full-rank d, con-
sider the polynomial f from () with W = 0:

(9)  f(x) = Adet (Vdiag(z1,...,2,)V") = Adet (i Tt ) =2 ) ( Vs)?

se()

Here ([Z}) denotes the collection of size-d subsets of [n] and Vs denotes the d x d minor of
V' obtained by taking columns indexed by S. If V has full rank d, the coefficients of f are
the squares of the Pliicker coordinates given by the Pliicker embedding of the rowspan of V'
into Grp(d,n). Otherwise f is identically zero.

Formally, consider the Pliicker embedding of Grg(d,n) into P(Z)_l(F). Given a subspace
L C F" of dimension d, its image in IP’(Z>_1(IF) is the length-(")) vector of d x d minors
of any d x n matrix V whose rowspan equals L. The map [ps|s — [(ps)?|s defines a
morphism IP’(Z)_I(IF) — IP’(Z)_I(IF). Let Gri(d,n) denote the image of Grg(d,n) under this
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morphism. Corollary then gives an immediate characterization of Gra(d,n) via the
hyperdeterminantal equations in F2". In fact, setting z, = 1 in (@), we can study this
image via multiaffine determinantal representations in the variables x4, ..., z,_1 and use the
hyperdeterminantal equations in F2

Corollary 6.4. Let q = (gs) (k) € P(Z)_l(ﬂ?) and let a € P*"'"Y(F) denote the vector
d

Se
given by
gs  if S C[n—1],|9]
as = 4 4sun Zng[n_l]v‘S‘:
0 otherwise .

The vector q belongs to Gra(d,n) if and only if
(i) for alli,j € [n] and S C [n]\{i,7}, |S| =d—1, qsuigsu; is a square over IF, and
(ii) for every v € SLy(F)"~! x S,_1, (v - HypDet)(a) = 0.

Proof. (=) This follows from applying Corollary to (@).

(<) Let f = ZSE([Z]) gsx®. This equals f = f;, where b € F?" is given by by = ¢g for
|S| = d and bg = 0 otherwise. If a = (ag)s is defined as above, then f, equals the restriction
of f to xz, =1 and f is the homogenezation of f, to degree d with homogenizing variable x,,.

Forany i # j € [n— 1] and S C [n — 1]\{4, 7}, the sizes of S and S U {4, j} differ by two,
implying that asasu;; equals zero. Then agyiasu; — asasui; = asuiasy; is a square in F by
assumption (i). By Theorem and Corollary [6.3] A;;(fa) is a square in Flzy, ..., z,_4] for
all 4,j € [n — 1], implying that A;;(f) is a square in F[x] for all ¢, j € [n — 1]. In particular,
Discr,, (A;;(f)) is identically zero. One can check that for any 4, j, n, Discr,, (A;;(f)) equals
Discr,, (A (f)). This shows that (y - HypDet)(b) = 0 for all v € SLy(F)™ x 5,,. Assump-
tion (i) implies that bguibsu; — bsbsuij is a square in F for all ¢, j € [n] and S C [n]\{i,},
since this is either zero or of the form gguigsy;. Corollary then gives a representa-
tion f = Adet(>., zvvl + W) where v; € F¢ and W € Symy(F). The polynomial
Adet(37 | mvv] + yW) € Flx, y] equals the homogenization of f to degree d. Since f is
already homogeneous of degree d, this equals f and belongs to F[x]. Specializing to y = 0
gives the desired representation f = Adet(> | z;v;vl). O

Example 6.5. (d = 2, n = 4) The Grassmannian Grg(2,4) is cut out by one Pliicker relation
P12P3a — P13Paa + Prapes = 0 in P*(F). Taking ¢;; = p; and eliminating the variables p;; gives
the defining equation

Ta@3s + Giados + @i — 2012013G24G34 — 2¢12014G2334 — 2¢13G14G23G24 = 0

for Gr2(2,4). This is exactly the hyperdeterminant HypDet(a) where a = (ag)scpy € F? is
given by ag = a193 =0, a; = gis and a;; = ¢;; for all 4, j € [3].

6.3. Determinantal representations in higher degrees. For any r € Z,, let Sym/ (FF)
denote the set of symmetric matrices over F that can be written as a sum of r rank-one

matrices over [F, i.e.
Sym, (F) = {ZviviT DU, ..., € F"} :
i=1
If F is algebraically closed with char(F) # 2, this is just the set of matrices of rank < r. For
F = R this is the set of positive semidefinite matrices of rank < r.
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Theorem 6.6. The set of polynomials F[x|<q with a determinantal representation

(10) f = Adet <Z A + B) with A; € Sym% (F) and B € Sym,,(F)
=1

for some m € N is invariant under the action of SLy(F)™ % S,,.

Proof. The invariance under the action of S, is immediate. It remains to check the invariance
under SLy(F)". Suppose that f = det(>.", 2;4; + B), where 4; € Sym%(F) and B €
Sym,, (F). First, suppose that d = 1 and let v € SLy(IF)". By Corollary 23] A;;(y- f) is a
square for all 4, 7. Then by Theorem [6], v - f has a determinantal representation as in ().

Now consider arbitrary d = (dy, . ..,d,). By definition, we can write each matrix A; as a
sum of d; matrices A;; each of the form vuT for some v € F™. Then consider

n d;
F = det <ZZy,jA” + B) € F[y” 11 € [n],] € [dz]]
i=1 j=1
Note that there is an inclusion ¢ : SLy(F)" — SLy(F)4FFd» given by (¢(7))s; = 7; for all
i € [n] and j € [d;]. By construction, the restriction of ¢(7y) - F' given by y,;; = x; for all ¢, j
gives v - f. That is,

By the cased = 1, ¢(7)-F is determinantal. That is, there are some matrices C1, ..., Chq, , D
with C;; € Sym,, (F) so that ¢(7) - F equals det(> ", ijl ¥;;Ci; + D). Then v - f equals
det(d>°1 , 2;C; + D) where C; = Z;l":l C;; € Sym® (IF). O

One motivation for studying such polynomials comes from definite determinantal repre-
sentations over R and their connection with stable polynomials. A real polynomial f € R[x]
is stable if it has no zeros with strictly positive imaginary parts, i.e. f(z) # 0 for all z € C"
with Im(z) € R’ Equivalently, f is stable if and only if the polynomial f(tv +w) € R[t] is
real-rooted for all v € R’ and w € R". Over F = R, any polynomial with a determinantal
representation of the form (I0) is stable (see, e.g. [Waglll Prop. 2.1]), but not every stable
polynomial has such a representation (see [Bralll).

The action of SLy(R) on C given by ('Z 2) cz = gjis preserves the upper half plane

{z € C : Im(z) > 0} and so the set of stable polynomials in R[x] is invariant under the
action of SLy(R)™ x S,,. One consequence of Theorem [6.0is that the set of polynomials with
a semidefinite determinantal representation is also invariant under the action of this group.

Corollary 6.7. The set of polynomials in R[x|<q with a determinantal representation
f = Adet (Z@AZ + B) with Ay,..., A,, B € Sym,,(R) and Ay,..., A, =0

=1

for some m € N and A € R is invariant under the action of SLy(R)"™ 11 S,,.
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