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Flat space Feynman integrals and amplitudes

* [ree level amplitudes are rational functions
 Compute integrand using Feynman diagrams/recursion/Amplituhedron/etc
« Standard tools for integrating higher loop amplitudes are

* |Integration-by-parts

e Differential equations



Beyond Flat Space



Beyond Flat Space
Anti-de Sitter




Boundary correlators in Anti-de Sitter

. Bulk Coordinate: X4

» Boundary Coordinate: PA Y2 — 1
» Bulk-Boundary Propagator: E, (X, P)
» Bulk-Bulk Propagator: G (X, X")

» Mass correspondsto A =6 + h



Witten diagrams

As—channel —

_ / 41X, 4 X, B (X, Py)E(Xy, Py)
AdS
X G(Xl,Xg)E(Xz, P3)E(X2,P4)



Problems

* Non-trivial integrals are required even at tree-level.
 Propagators are generically not nice functions!

* Results are generically in terms of digamma, hypergeometric functions of
mass and dimension.

* One solution is to work in Mellin space.



Discrete vs Continuum

 Spectrum in AdS is discrete, not continuous.
 Example: energy spectrum of 2-body states

* One might expect derivatives and integrals to be replaced by difference equations and sums

flx £2) = flx)
2

. DF[f(x) g(x)] = DE[f(x)] g(x = 2) + f(x) DX[g(x)]

. DI [f(x)] =




Reverse engineer a difference eq. for 2-point
bubble in d=2




The result

y(A ——)—w(A RN}
= . = Sn(Al _ 1)
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Difference equations

 Digamma function obeys nice difference equation:

1
px + 1) —y(x) = —
X



Difference equations

 Digamma function obeys nice difference equation:

1
px + 1) —y(x) = —
X

* Can infer difference equation for bubble

(A =D = y(A+ 5= 1)
Sr(A; — 1)

D} [(Ay = DAA)] =

f(A1) —

1 —A
7 (4(A — 1)2— A})



Comments

« Somewhat trivial because we already knew the result before hand.

* (Goal is to compute difference equations without knowing the solution.



Example of more non-trivial result

_ 2(p S Q) 2 2 S B
A As 0 = 5122T [6 2]M(s 8) — 1287 (4s% — 435 + 140)T [5 2]M(s 6)
+ 327 (65% — 10553 + 73852 — 24085 + 3040)T"2 [4 _ g] M(s — 4)
— 8m(4s% — 81s° + 700s* — 3268s> + 86085 — 120325 + 6912)I"? [3 — g] M(s—2)
N3 0V\2(.2 2( S . N\312( S ,
Ao Ay +2m(s — 4)3(s — 2)2(s? — 35 + 2)sT" [2 2]M(s) 1+ 48(s — 4)°T [2 2] NG

d=2, A,=A=A"=2

Derived new difference equation for 4-point bubble in Mellin space that
agrees with known result for specific values.



How do you compute the difference
equations without knowing the answer?



Derivation of the one-loop tadpole



The tadpole

P
Atad(P) = J dX G,(X,X) | | Eo(X. P)
tad AQS A g A,

P
= GA(X, X)J dX| [ Ex(x.P)
AdS o

= G,(X,X)C,



The tadpole

P
Atad(P) = J dX G,(X,X) | | Eo(X. P)
tad AQS A g A,

P
= GA(X, X)J dX| [ Ex(x.P)
AdS o

o n



Spectral representation

dc

271 (A — h)? — 2

Q,(X,, X,) = — 2c2J AOE 1».,.(X,, O)E (X5, O)
AdS

Q
/ dc / dQ) !
OAdS c* — d?/4




Spectral representation

dc 1

T
Gal%, X) = 27T (2h) [ 27 e — 5 tadpole®)

W T+ ol'(h=c)
tadpole = = () [(—o)(c)



A family of integrals

AdS Flat Space
1,(6) = J'ﬁﬂ (c =W (c) I (m?) = |d¥
n\0) = [ 5 tadpole (1 )—[ 2wy
I1,(x) =

2M(X),,




A family of integrals

AdS Flat Space
I () J dCH( S)W (¢) I (m? df —
= | — C — C —
n 2 i n tadpole n(m ) [ (fz 1 m2)n
Il (x) =
(%) 00,
0 1 —n
DL (x)] = —nIl  (x) — =
ox x" xn+1




A family of integrals

AdS Flat Space
1o = | %“n—sw 2 W
n( ) — 2_71'1 n(c o ) tadele(C) In(m ) — [d Lﬂ(fz 4 m2)n
I (x) =
=20
Jd 1 —n
DT ()] =—-—nlIl_, (x —— =
X [ n( )] n+1( ) ax X7 xn_|_1
- 0
D; [11] = — 1 >3 I,(m*) = — L(m*)




A family of integrals

AdS Flat Space
1o = | %“n—sw 2 W
n( ) — 2_71'1 n(C o ) tadele(C) In(m ) — [d Lﬂ(fz 4 m2)n
I (x) =
=20
Jd 1 —n
DI ()] =—-nlIl_, (x —— =
X [ n( )] n+1( ) ax X7 xn_|_1
- 0
D; [11] = — 1 >3 I,(m*) = — L(m*)

We need a second independent relation between /; and /,



Summation-by-Parts

AdS Flat Space

O=J£D+ [P’H(c—é)W | (c)] O=J'dfi[...]
2 ¢ [Tt tadpole Py




Summation-by-Parts

AdS Flat Space
O:J£D+ [P’H(c—é)W | (c)] O=dei[...]
2 ¢ [Tt tadpole Py
_ _ d
In<0 =0 0= J'd 2 (fz 4 m2)n§0




Summation-by-Parts

AdS Flat Space
O:J£D+ [P’H(c—é)W | (c)] O=dei[...]
2 ¢ [Tt tadpole Py
0= |d——
J (€2 + m2)n<0

(G- DRh-1)
= G e -




Summation-by-Parts

AdS Flat Space
O—J£D+[P’H(c—5)W (c)] 0= dfi[ ]
B e tadpole — a7 L
I,o=0 0= |d%———
< J (£2 + m2)<0

16) = S —1D2h—1) 16
S S+h=2)6+h—-1) "

P’ is chosen to cancel undesirable pole terms from Wtadpole(c + 2)



Difference equation

Dy |li| = -1

](5)_M1(5)
T S+h =26 +h-1)"

0—1)(2h—-1)

Pl = - G e A 1@

Result agrees with previous derivation in d=2!



Beyond the tadpole



Two-point bubble computation

2
1
A2'bUb = Az_thH [2711] C1 — 51 Cy — 52 W(Cl, 2 A)

a=1
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Summation-by-parts

dc,dc,
0= D [P 1L, (¢; = o1, (¢ = 0)) W(cy, ¢y, A)]

2ri)2
dc,dc, o
- (27mi)2 [polynomial in ¢y, ¢, ]I1, (¢; — 611, (¢, — ) W(cy, €3, A)

dcdc,
B Z ani,né (2717)2 Hni(cl o 51)Hné(c2 - 52)W(C19 C, A)

11y

P’ is chosen to cancel undesirable pole terms from W(c,; + 2,¢,, A)



Collapsing propagators

Tn, = '(2h)



Remove poles

de; d
j / o C2 51)1_[2 (Cz — 52)P(Cl, Cz,A)Wz_bub(Cl, C2, A)

2%22%2
—ZOO

~

dec; d 7
DA |T| = / e IT; (c1 — 02)Ha(ca — d2) DA | P(c1, c2, A)Wopub(c1, €2, A)

271 271
—17200

= 4h(A — h)(2h* — 2hA + A% — 67 — 65)I7 7" (A)

4h(A — h)T'(2h — A)T(A)T(h)? 4., tod e \]
C(2h) Iy “(01) + I d(52)_ -

Pis necessary to cancels poles that appear when shifting A




Final difference equation

A + 0101 + 0202
_1A—2h—|—2—|—0'1(51—|-0'252

(A +2) =177 (A) ]
2(2h — 1)(A — h+ 1)I'(2h — A — 2)T'(A)L'(h)?
F(Zh) HULUQ:::I(A —2h+ 2+ 0101 + 0'2(52)

X "(AQ — 2hA + 2A + 62 — §2)T84(8,) + (A? — 2hA + 2A + 55 — 5%)1{%1(51)-

Similar result for internal mass.
Simplifies dramatically in d=2.

Results agree



Simplifications

2bub(A_|_2) 1-1 OuD =_»

N\ — 2f > 2%, 0909

o1,020==x1

2(2h — 1)(A — h+ 1)I'(2h — A — 2)T'(A)L'(h)?
F(Zh) HO‘1,0‘2:::1(A —2h+2+4+ 0101 + 0‘252)

X '(AZ — 2hA + 2A + 62 — 62)I14(89) + (A% — 2RA + 2A + 52 — 5%)1{“(51)'

(5

Agrees with known results.



4-point bubble in Mellin space

* Need to introduce auxiliary variable so W is product of gamma functions

 Three integrals/sums over ¢, ¢; and ¢,
100

dc decy de
14—bub — / 1 & Hn(c — 5)Hn1 (Cl — 61)Hn2 (62 — 52)W4-bub(ca C1, C2, S)

1,711,102 21 211 271

« Careaboutn=—-1,n,=1,n, =1

« “Scalelessness” only in ny, n,



sit(c1 3 .2 %(s = AT) 2] i(s = Al3 4] )& _ _ _
(2xh - A[1, 2] - A[3, 4])+ {)Iilbl((sl — 2, ) — [1 - 2/\—1,1,1(0)] {)lllbl(dla — 2 Z A 1,1, 1 )I Rllﬂ,ol((sla S — 2”)
(-4 - 2xh%x (-2 + s) + S6[1]A2 - 5[2]A2 -
2xA[1, 2] - 2xA[3, 4] -
AL, 2]%A[3, 4] + —2X_11, _1I4 -bub- 1(01,8) —2A_1 1, 1I4'bUb (61, 8) .
Sa(2 + A[1;:2] » A[3, 4] )«
I4bub[-1, -1, 1][&6[1], &6[2], s]) -
(-1 + 2«h)x(s - A[1l, 2])x(s - A[3, 4])%*
(2sh: - A1, 2] - 513, 4] »
(-4 - 2xhx (-2 + s) - S[1]"2 + &5[2]"2 - 4-bub 4-bub 4-bub
S 0 =R3(s Z p-1,1,1(n)I7 1 1(3 —2n) + P—l,l,—II—1,1,—1(5) + P—l,—l,lz—l —1, 1(8)
A[l, 2]%A[3, 4] +
s«(2 + A[1l, 2] + A[3, 4]))«*
Tabubl=l: 1. -1 [6[1]: 6[2]. s] &
256%I4bub[-1, 1, 1][&[1], &6[2], -8 + s] +
64% (-58 + 8xhxs - 4xs72 + 2x6[1]M2 + 2x6[2]72 -
36A[1; 2] 3%A[3 4]
LI, Dl«il3, 4T -
2«hx (15 + A[1l, 2] + A[3, 4]) +
sx (27 + A[1, 2] + A[3, 4]))«
I4bub[-1, 1, 1][&[1], &6[2], -6 + s] +
16+ (376 + 6xSA4 — 44x5[1]72 + S[1]174 - 4415[2]72 -
2x5[1]72x5[2]72 + S5[2]M + 60xA[1, 2] -
6x5[1]A2%A[1, 2] - 6%x5[2] 2%
A[1l, 2] + 60xA[3, 4] -

]

[
6x65[1]M2xA[3, 4] - 6%x6[2]M2%
A3, 4] + 22xA[1, 2]*A[3, 4] -
2x6[1]22xA[1, 2]*xA[3, 4] -
2x6[2]22xA[1, 2]*A[3, 4] -

)
3xs73% (19 + A[1l, 2] + A[3, 4]) +
3xSM2% (78 - 2x5[1]72 - 2x6[2]172 + TxA[1, 2] +
T+xA[3, 4] + A[1l, 2]*A[3, 4]) +
4xh"2% (48 + 6%s7h2 + 9xA[3, 4] + A[l, 2]
(9 + A[3, 4]) - 3xs*(11 + A[1l, 2] +
A3, 4])) + sx(-468 - 58xA[1l, 2] -

Cro . A rm™ AN 1TcCc . A1 b T I



Future Work

 What physical conditions fix the periodic function ambiguity.
e Similar techniques could be applied in de Sitter.
* [riangle computation

 Hard because you need auxiliary integrals. We expect the same method should
work.
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